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Abstract
The theory for the explanation of equilibrium morphol­
ogies of incommensurately modulated one-dimensional 
crystals, presented in a previous paper, is extended to the 
case of incommensurately modulated three-dimensional 
crystals. It is shown that, concerning the morphology, 
there exists a one-to-one correspondence between faces 
on the physical crystal and crystallographic hyperplanes 
of the embedded crystal in superspace. This holds for 
both main faces and satellite faces. The occurrence of the 
latter, however, is unique for incommensurately modu­
lated crystals. It is shown that the stability of satellite 
faces, as well as main faces, can be attributed to a 
principle of selective cuts. The superspace approach that 
is developed leads to a calculation method for surface 
free energies that, in principle, can be applied to 
incommensurately modulated structures of arbitrary 
complexity. Equilibrium morphologies are constructed
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from the calculated surface free energies by means of a 
standard Wulff plot. The dependence of the equilibrium 
morphology on several structural parameters is studied 
for an incommensurately modulated simple cubic model 
crystal. This study allows for a basic understanding of 
the differences in morphology of AuTe2 crystals and 
[(CH3)4N]2ZnCl4 crystals.
1. Introduction
It is well known that the morphology of crystals is often 
determined by flat faces. The orientation of these faces is 
related to directions of Fourier wave vectors of the 
structure; the Fourier wave vectors are parallel to the face 
normals. Crystal faces can be labelled perfectly by a set 
of three integral indices because the Fourier wave vectors 
of a classical crystal build a three-dimensional lattice. In 
incommensurately modulated crystals, it is not possible
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to describe all Fourier wave vectors by an. integral linear 
combination of three basis vectors. Instead, the Fourier 
wave vectors build a 2 -module with a rank higher than 
its dimension (Janner & Janssen, 1977; de Wolff, Janssen 
& Janner 1981). The rank determines the number of 
rationally independent Fourier wave vectors. This 
number can exceed the dimension whenever the structure 
can be considered to be a deformed classical crystal in 
which the wavelengths of the deformations are incom­
mensurate with the underlying basic lattice. The 
difference between the rank and the dimension gives 
the number of independent modulations that are present. 
A famous example is the mineral calaverite 
AU]_vAgvTe2. Its complex morphology has puzzled 
crystallographers for a long time (see, for example, 
Goldschmidt, Paiache & Peacock, 1931). A labelling of 
the crystal faces by three low indices did not seem to be 
possible, although many attempts were made. At present, 
it is known that there is a one-dimensional incom­
mensurate modulation in this crystal (Sueno, Kimata 
& Ohmasa, 1979; Van Tendeloo, Gregoriades & 
Amelinckx, 1983; Schutte & de Boer, 1988), so that 
the rank of the ^-module is four. The Fourier wave 
vectors, therefore, can be labelled by four integral 
indices. This was the key to solving the only partly 
understood morphology of Au1_JCAgJCTe2 crystals. The 
faces that determine the morphology of incommensu­
rately modulated crystals are perpendicular to Fourier 
wave vectors of the E-module. It was shown that the 
faces of Au1_JCAg*Te2 could be labelled, very satisfacto­
rily, with four low integral indices (Dam, Janner & 
Donnay, 1985; Janner & Dam, 1989). The same 
behaviour has been found for many other incommensu­
rately modulated crystals (see Bennema et aLt 1991), In 
Fig, 1, the result, as was given by Janner & Dam (1989),
Fig. I . A typical twin crystal of the mineral A u^A g/T e^ consisting of 
two individuals. This figure was reproduced from Janner & Dam 
(1989). The crystal faces are labelled with four integral indices, 
reflecting the presence of an incommensurate modulation. The faces 
with a non-zero fourth index are called satellite faces. It is clear 
that many large satellite faces determine the morphology of 
Aui_,Ag/Te2.
is reproduced for a typical twin crystal of Au1_^AgJCTe2. 
A crystal face is called a main face if the fourth index is 
zero. Otherwise, it is called a satellite face. The 
investigation of many mineral crystals, but also of 
crystals grown in our laboratory, has revealed that 
satellite faces are very dominant for the morphology of 
Au1_tAg;cTe2 crystals. This is a clear example of a strong 
influence of the incommensurate modulation on the 
physical properties of a crystal. The beautiful description 
of the orientation of crystal faces, however, does not yet 
clarify the nature of this influence. In order to have a 
better understanding, one would also like to be able to 
explain the stability of these faces. It is shown in this 
paper that it is not expected, in advance, that satellite 
faces can appear as stable crystal faces. In this paper, we 
take on the challenge to find an explanation for the 
stability of (satellite) faces on incommensurately modu­
lated crystals using a superspace approach.
In two previous papers (Bennema, Kremers, Meekes, 
Balzuweit & Verheijen, 1993; Kremers, Meekes, 
Bennema, Balzuweit & Verheijen, 1994), we have 
already outlined a superspace description for the 
morphology of an incommensurately modulated one­
dimensional model crystal. Here, we first want to recall 
the ideas that have been used in this superspace 
description. One adopts the view that the presence of a 
flat face on the equilibrium morphology of a crystal is 
determined by the surface free energy of that face, 
because the crystal will take such a shape in equilibrium 
that the integrated surface free energy is minimal. 
Surface free energies are calculated by extending a 
broken-bond model to the embedding of the incommen- 
surately modulated one-dimensional crystal in a (1 +  1)- 
dimensional superspace. Thus, a uniform bond density is 
obtained in this superspace. In addition, several crystal- 
lographic concepts are generalized. In this way, it is 
possible to show, in superspace, that the presence of an 
incommensurate modulation leads to a principle of 
selective cuts for the broken bonds. This principle 
implies that the average length of bonds intersected by 
a (satellite) face can be larger than the length that these 
bonds would have if there were no modulation. If a larger 
bond length corresponds to a lower bond energy, satellite 
faces (but also main faces) can be stabilized considerably 
and can appear on the equilibrium morphology of the 
crystal.
In the present paper, we treat equilibrium morpholo­
gies of incommensurately modulated three-dimensional 
crystals. They are embedded in a (3 +■ l)-dimensional 
superspace. In essence, the situation comes down to the 
same (1 +  l)-dimensional analysis as treated by Kremers 
et al. (1994). It is shown that (satellite) faces on the 
physical crystal correspond to crystallographic hyper­
planes of the embedded crystal. An important result of 
this paper is that this correspondence is one-to-one for 
the average energy of the (embedded) bonds broken by 
these planes. Consequently, it is in principle possible to
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calculate the equilibrium morphology of any incommen­
surately modulated crystal using a superspace approach. 
Also, van Smaalen (1993) has reported a theory for the 
explanation of the stability of satellite faces. This author 
was able to derive an expression for the surface free 
energy of faces without making use of the superspace. 
We have agreed with van Smaalen (1994) to compare the 
results of the two theories very carefully in the near 
future. The benefits of using a superspace approach have 
been discussed by Bennema, Kremers, Meekes & 
Verheijen (1994). Moreover, they become apparent in 
the present report.
This paper is organized in the following manner. In §2, 
the model is presented for the description of an 
incommensurately modulated three-dimensional crystal. 
In addition, several problems are outlined that arise if one 
wants to calculate the surface free energies of faces 
within such a description. In §3, the embedding of the 
crystal model in a (3 +  l)-dimensional superspace is 
described. It is also explained how (chains of) bonds, as 
well as crystallographic hyperplanes, must be treated in 
this superspace. In §4, we show that there exists a one- 
to-one correspondence between such crystallographic 
hyperplanes and faces on the physical crystal for the 
morphology. We advise readers that are not interested in 
the details of this analysis to skip §4 and to go directly to 
§5. There, it is shown how this one-to-one correspon­
dence can be used for the calculation of surface free 
energies and for the understanding of the principle of 
selective cuts. In §6 , model calculations are presented by 
means of which the influence of several structural aspects 
on the equilibrium morphology is investigated. The basic 
assumptions that are used in this paper are critically 
discussed in §7, where also the consequences of the 
results obtained for actually occurring incommensurately 
modulated crystals are evaluated. Finally, conclusions 
are presented in §8.
2. The incommensurately modulated crystal
2.1. Structure
An incommensurate three-dimensional displacively 
modulated crystal can be modelled in the following 
way. There are ƒ kinds of point-like atoms in the three- 
dimensional physical space. The positions of the atoms 
of kind j  are given by position vectors r(n, j):
r(n, j) =  n +  r; +  f,«/q ■ [n 4- r,] 4- <pj), (1)
where the last term describes the effect of the modula­
tion. n s= /^aj +  n2a2 +  n3a3 with nu n2 and n3 € S  and 
{alf a2, a3} forming the basis of a translation lattice A. 
The corresponding lattice translational symmetry is 
broken due to the modulation. In the three-dimensional 
space of the crystal, we define spatial positions
X =.*1a, +  x2a2 + x 3a3
by means of a set of three fractional coordinates 
(jcx , jc2, jc3) on the basis of A . The vector r;* gives for 
each atom kind j  a (different) shift with respect to the 
point n.
The modulation is characterized by the modulation 
function Up the modulation amplitude vector f . and the 
modulation wave vector q. The modulation function Uj is 
periodic in its argument: Uj(<p) =  Uj(<p +  1). This argu­
ment contains a constant phase factor <pj that determines 
the shift of the modulation wave with respect to the 
origin. In principle, this phase factor can even be 
different for the x i , x2 and x3 components, but the theory 
that we present applies to any modulation function, 
provided that the spatial variation of the argument of the 
function uj is determined by q * [n +  r,]. We consider 
only one modulation wave vector q that is the same for 
all atoms, because this is the situation encountered for 
the majority of incommensurately modulated crystals 
known. The modulation wave vector is defined on the 
basis {a*, a2, a?*} of the reciprocal lattice A *,
q =  q xa*i +  q2a$ +  <7,, q2, q3 e  (2)
«
A modulated crystal is called incommensurate if at least 
one of the numbers qx, q2 or q3 is irrational. In that case, 
q builds a ^ -module of rank four together with a*, a2 and 
a |. This ^-module is used, for example, to describe the 
positions of spots in the X-ray diffraction patterns of 
incommensurately modulated crystals. It thus carries the 
Fourier transform of the structure. In (1), the phase 
<p =  q ■ [n +  Tj] +  <pj is determined, for each atom, by the 
modulation wave vector q. Owing to the incommensur­
ability, <p(modl) takes infinitely many different irra­
tional values in the interval [0 ,1) for an infinite crystal. 
Therefore, there exist for each atom kind j  infinitely 
many different displacements from the positions n 4- r,-. 
This breaks the lattice translational symmetry.
Besides positions of atoms, a model for the morphol­
ogy of crystals should further include (chemical) bonds. 
These are defined as line elements connecting any two 
different atomic positions. The bond energy depends 
both on the length of the bond and on the kinds of atom 
that are connected by the bond. It will be clear that, since 
the atomic positions are incommensurately modulated,
and corresponding bond energies.
2.2. Incommensurability of the modulation wave vector
It is important to discriminate between two possible 
types of modulation wave vectors q as defined by (2) 
because each type leads to a different (equilibrium) 
morphology. The two types correspond to the two ways 
in which q can be incommensurate with respect to the 
reciprocal lattice yl*.
In the first case, q has the same direction as some 
reciprocal-lattice vector H € A*. The ratio of their 
lengths |q|/|H|, however, is an irrational number. For
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this, it is necessary that at least one of the numbers qx, q2 
or q3 is irrational and that the ratio of any two of these 
numbers is rational. The modulation wave vector 
q =  q {a*, with q x £ is an example. We refer to this 
case as a modulation wave vector with an incommensu­
rate length.
Alternatively, there may be no H e A* that points in 
the same direction as q. In order to have this, the ratio of 
at least two of the three numbers qi , q2 and q3 must be 
irrational. Certainly, one of these two numbers is then 
irrational. An example is the modulation wave vector 
q =  cos0a* +  smfla^lajl/lajl with ta n # £ ®  and 
a* • a£ =  0, which has the same length as a*. We refer 
to this case as a modulation wave vector with an 
incommensurate direction.
Another classification of modulation wave vectors q is 
possible. Consider, in reciprocal space, all points 
H +  mq and let m run over all integral numbers and H 
over the reciprocal lattice A*. Three different situations 
can be encountered. First, the points H +  wq can become 
dense on lines. The wave vector q then has an 
incommensurate length. Secondly, they can become 
dense on planes and lastly the points H +  mq may 
become dense on the whole space. The modulation wave 
vector has an incommensurate direction in the latter two 
cases. It is not necessary to make a distinction between 
these cases for the analysis presented in this paper.
2.3. The intersection of bonds by crystallographic planes
It has been shown experimentally (Janner, Rasing, 
Bennema & van der Linden, 1980; Dam, Janner, 
Bennema, van der Linden & Rasing, 1983; Dam et aL> 
1985; Janner & Dam, 1989; Bennema et a l , 1991) that 
the orientation of faces on incommensurately modulated 
crystals can be described very accurately with four 
integral indices h{, h2, h3 and h4. These indices define a 
vector ÂîA A ) perpendicular to the face.
H(M2M4) =  M l  +  M 2 +  M b +  M
=  {hx +  ¿4<7i)a* +  (h2 +  h4q2)al
+  (/z3 +  h4 <73)33. (3)
Faces {hxh2h3h¿) for which h4 =  0 are main faces and 
those with h4 ^  0 are satellite faces. The existence of the 
latter necessitates the use of four indices instead of three. 
Although this gives a satisfying description of the 
orientation of the faces that can occur, it does not 
explain why such (satellite) faces are stable. This is the 
reason that we want to be able to find the equilibrium 
morphology by means of a Wulff plot (Herring, 1951, 
1953), using calculated surface free energies r (Al/,2/,3/,4).
In the model, the surface free energy F (at 
T =  0) is defined as the energy per unit area necessary to 
create the face (hih2h3h4) from an infinite crystal by 
cutting bonds. The energy necessary to. cut one specific
bond is exactly the bond energy. For incommensurately 
modulated crystals, the calculation of ^{hxh2hhA) *s not 
straightforward, however, because of the presence of 
infinitely many different bonds.
Consider a crystallographic plane (hih2h3h4). It can be 
constructed by positioning a plane such that it cuts 
l/(^ i +  h4q x) a \ axis, 1 /{h2 +- h4q2) of the a2 axis 
and l/{h3 +  h4q3) of the a3 axis. If the plane is not 
perpendicular to the modulation wave vector q, there can 
be no two-dimensional lattice translational periodicity on 
this plane. In non-modulated crystals, on the other hand, 
there exists for each plane (hlh2h3) a two-dimensional 
unit cell, called mesh area The whole plane can
then be covered by periodically repeating this mesh area. 
Consequently, for the calculation of the surface free 
energy of non-modulated crystals, it is sufficient to 
consider precisely one mesh area. On the contrary, 
crystallographic planes (hlh2h3h4) of incommensurately 
modulated crystals, not perpendicular to q, have no such 
mesh area. In order to calculate a one can only
average over the infinite plane.
For the crystallographic planes that are perpendicular 
to q, it is essential to distinguish between the two types 
of modulation wave vector discussed in §2.2. If the 
modulation wave vector has an incommensurate direc­
tion, the only planes perpendicular to q are (000/z4), 
There is again no mesh area on these planes owing to the 
incommensurate direction of q and one has to consider 
the whole plane. For a modulation wave vector with an 
incommensurate length, there is no unique set of indices 
for the plane perpendicular to it. Suppose that qx is non­
zero. Then all planes (hx, hx(q2j q x), hx(q3/ q x), with 
^ ife /^ i)  an^ h\(q3/q i)  G ^  are perpendicular to q for 
any h4. Moreover, on these planes there does exist a two- 
dimensional unit cell.
However, the latter special situation also differs from 
the case of a non-modulated crystal, despite the existence 
of a mesh area. This difference becomes apparent when 
we want to divide the crystal into identical slices. A face 
(/i3/i2/i3) on a non-modulated crystal is assumed 
(Bennema, 1993) to grow with layers of thickness
d(h,hM =  where
d(A,A2A3) =  H(W l3)/ |H (/l|/l2/,3)|2. (4)
Using this d{hxhlh > as interplanar distance, one can define 
a grid of net planes. All planes of the grid are then 
equivalent, having the same surface free energy unless 
the three indices hx, h2 and h3 have a common divisor 
larger than 1. In the case of an incommensurately 
modulated crystal, an analogous construction gives 
a grid of net planes with interplanar distance
^  w^ere 
rï(Al/i2/j3/i4) 1 As A3 Ä4) / 1 (A t -^»3 *4 ) I ’
where H(M A Ai) is given by (3). For the special case of a
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modulation wave vector with an incommensurate length, 
however, we have seen that no unique grid can be 
defined perpendicular to q. Furthermore, owing to the 
intrinsic lack of translational symmetry along q, it is a 
priori not clear whether for any one of these grids all its 
net planes have equal surface free energy. For all other 
crystallographic planes {hxh2h3h¿), non-perpendicular to 
q, a unique grid is defined by (5). It is, however, again 
unclear whether the individual members of the grid have 
equal surface free energy, unless the face (hxh2h3h4) *s 
parallel to q. Also, in the case that the modulation wave 
vector has an incommensurate direction, one does not 
know a priori whether net planes of a grid have equal 
surface free energy.
It will be clear that one is faced with many problems in 
understanding the stability of faces (hxh2h3h^ ) using the 
description of the incommensurately modulated structure 
defined by (1). Fortunately, a more elegant description is 
possible by making use of a space that has a dimension 
higher than three, the so-called superspace.
where
3. Embedding in superspace 
3.1. Structure in superspace
The incommensurate crystal defined by (1) can be 
embedded (Janner & Janssen, 1977; de Wolff et aL, 
1981; Janner, Janssen & de Wolff, 1983) in a (3 +  1)- 
dimensional sup er space. Perpendicular to the physical 
space of the crystal, which is called external space, one 
defines a so-called internal space. In our model, the 
internal space has dimension 1 because there is only one 
modulation wave vector. The atoms of (1) are repre­
sented in superspace by wavy lines rs(n j ,  r) extended 
along the internal direction:
rs( n j ,  r) =  (n +  r, +  ty i/q  • [n +  rj\ +  <pj +  r), r). (6)
The first three components of the right-hand side of (6) 
are in the external space and the fourth, r, runs in the 
internal space. The wavy lines obtained in this way 
intersect the physical space (r  =  0) exactly at the points 
defined by (1).
The advantage of this embedding is that the obtained 
structure has lattice translational symmetry in the super­
space. There is a lattice A s with basis {au, a2iS, a3i, a4ç}, 
where
2s
3s
aAs
(«i.
(a2, —q2e), 
(a3, - q 2e), 
(0 , e).
(7)
Again, the first three components are in the external 
space and the fourth is in the internal space. The 
reciprocal lattice A * then has the basis {a^, aj*, a3j, a y ,
a
a
a
a
Is
*
2s
*
3s
*
4 s
K , 0)
(aî, 0)
(a3, 0)
(q- O
(8)
Furthermore, afV • ajs Sij and e ■ e* 1.
We denote spatial positions in superspace by a set of 
four fractional coordinates: jc^ ). This set
represents the position vector:
X.S ^  2^$&2s X3s&3s “t“ ^ 4 . s *
It follows from (7) that any point (xx, x2, x3) with respect 
to the basis {ap a2, a3} in the physical space is equal to 
the point (xu x2, *3, q\Xx +  q2x2 +  q^x3) with respect to 
the basis {ah., a2j, a3j, a4J  in superspace.
3.2. Modulated bond chains in super space
Consider, in the structure defined by (1), two atoms of 
the same kind j  that would be translationally equivalent if 
there were no modulation. In that case, they would be 
separated by a so-called bond-chain vector
b — (b{, ft2, b3), b¡, b2ì ò3 g (9)
In such a non-modulated crystal, we have a so-called 
periodic bond chain (p.b.c.) (Hartman & Perdok, 1955; 
Bennema & van der Eerden, 1987; Bennema, 1993) if it 
is possible to construct an uninterrupted path of (one or 
more) bonds that connects the two translationally 
equivalent atoms. If a modulation is present, however, 
the p.b.c. can be deformed because the atoms may be 
displaced. We assume that, despite the deformation, all 
constituent bonds of the p.b.c. still exist and that no extra 
bonds are formed. Only the bond energies have changed. 
In this paper, we actually consider these modulated 
p.b.c.’s. We refer to them as modulated bond chains 
(m.b.c.).
In Fig. 2, an example is given of the embedding of a 
m.b.c. in superspace. The figure represents a view on the 
plane Vb s that is defined by the vectors a4v and bs, where 
bs is a lattice vector of As. One can construct bÄ from the 
bond-chain vector b [(9)] in the following way:
b (bXlb2,h3i0). (10)
The two vectors bs and a4s are basis vectors of a two- 
dimensional lattice Ab that can be constructed on 
Therefore, it is possible to define positions in the plane 
Vbs by means of a set of two fractional coordinates, 
(**1 Such a set represents the position vector:
D f  J
X, %b\^ 5 Xb2^ 4s‘
Each translation vector of A b must have integral xbX and 
xb2 in this notation.
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The two kinds of wavy lines in Fig. 2 represent the 
embedding of two different atoms, 1 and 2. The 
corresponding modulation amplitude vectors f x and f2 
are taken to have arbitrary (different) components in the 
three-dimensional physical space. This is depicted 
schematically in Fig. Z  The full-line parts of the wavy 
lines suggest that the wavy line is in front of the plane 
VhiS and the dashed parts that it is behind the plane. In a 
four-dimensional space, it is of course not unambigu­
ously defined whether a point is behind or in front of a 
two-dimensional plane. Therefore, the figure is only a 
schematic representation of the actual situation.
In the physical space, all atoms 1 are connected by 
first-nearest-neighbour bonds with two atoms 2. Thus, a 
modulated bond chain is obtained, which has also been 
drawn schematically in Fig. 2.
The only part of the physical space present in the plane 
VhiS is a one-dimensional subspace containing b. It is 
denoted Mb. The m.b.c. winds its way everywhere in the 
close neighbourhood of this subspace. While travelling in 
Mb and starting from the origin, one enters after each 
distance |b| some new unit ceil of the lattice Ab on Vb s. 
In Fig. 2, this is demonstrated by means of the vectors b2 
and b3 etc., all having length |b|. It is possible to assign 
to each vector b,, i =  1, 2, 3, . . . ,  a specific part of the 
m.b.c. One can take, for example, that part of the m.b.c. 
that projects on bf using orthogonal projections in the 
physical space. Using this construction, one is assured 
that every point of the m.b.c. is uniquely assigned to 
some vector b,.
It is important to realize that both aAs and b5 are 
elements of the translation group of the whole embedded 
structure. Therefore, each vector b( and its corresponding 
part of the m.b.c. is translationally equivalent to a vector 
b- starting in the first unit ceil of A b, together with an 
equivalent m.b.c. part. The vectors b2 and b'3 have been
• ì
» * » ♦ ► ■ ». . .  ........................... .. » J ,  * Modulated 
bond chain
Internal 
spucc ;
Atom 2
Atom 1
Subspacc M b  
• > - ---------------------
Modulated 
bond chain
of physical 
crystal
Fig. 2. The embedding in the plane Vh s of a modulated bond chain 
(m.b.c.) containing two kinds of atoms, 1 and 2. The m.b.c., which is 
entirely in the physical space, is represented by means of the physical 
subspace A/b. Segments of the m.b.c. can be represented by vectors 
b,. For each vector b,, there exists a translationally equivalent vector 
b¡ in the first unit cell of the lattice Ah on Vj,t¿. In this way, a uniform 
bond density is constructed because the modulation is incommensu­
rate. This is explained in the text.
drawn in Fig. 2. Owing to the incommensurability, all 
vectors b- intersect the a4i axis at a different height in the 
first unit cell of A b. TTie corresponding m.b.c. parts, 
therefore, form a uniform bond density in superspace in 
the same way as derived for a one-dimensional 
incommensurately modulated crystal by Kremers et al. 
(1994). This construction can, therefore, be considered to 
be a (1 -b l)-dimensional embedding of a m.b.c. Since 
there is a lattice A h on Vh s, it is also possible to define 
(1 -j- l)-dimensional hyperplanes (hu h2)s using the 
reciprocal lattice A b. It is shown later that this is very 
useful.
3.3. Crystallographic hyperplanes
The embedded incommensurately modulated crystal, 
described in §3.1, has a lattice A s. One can define 
crystallographic hyperplanes (hxh2h3h )^s as a straightfor­
ward extension of crystallographic planes in three 
dimensions by using the reciprocal lattice A * (see 
Kremers et al., 1994).
Thus, a crystallographic hyperplane (hxh2h3h4)s con­
sists of all points xs in superspace for which
a i )
(12)
■ X, =  c o n s ta n t ,  
w here E (híl¡ih¡hils is d e fin ed  as
^ ( h , h 2h3/i4),s =  h  1 ‘1 1 j  +  h l a ’ls  +  ^ 3 a 3s +  ^ 4 a 4 s '
The hyperplane (hxh2h3h4)s can be regarded as a plane of 
dimension 3 in the (3 +  l)-dimensional superspace, 
cutting the a is axis at 1/At, the a2s axis at 1/A2, the a35, 
axis at 1 / A3 and the aAs axis at 1 /hA if the constant is 1. 
Owing to the (3 +  l)-dimensional lattice translational 
symmetry, one can define a mesh volume MHs in the 
following way:
,s (13)
where Vs is the volume of the unit cell of the lattice A s 
and dK s is the interplanar distance in a grid of identical 
net planes. This interplanar distance is defined as
where
dH.Ä H ,s/|H (14)
The intersection of a crystallographic hyperplane 
(hxh1h’i h )^s with the physical space is given by all points 
Xj that satisfy both ( 11) and x4j =  q¡x,s ■+- c/2x2s -f q3x3s. 
In this way, one derives that these are the points x in the 
physical space that satisfy
H (ft,h2A3ft4) - X  = * ,(/!, + h 4q l) +  x2(h2 +  h4q2)
+  JC3CA3 +  ^4^3)
=  constant.
The intersection of a hyperplane (hih2h3h4\  with the 
physical space is, therefore, exactly a (satellite) plane
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(hxh2h3h4). Furthermore, the grid of net planes 
(/i1/i2A3/i4)(y, with interplanar distance dHtS in superspace, 
intersects the physical space exactly in the grid of net 
planes (hxh2h3h4) with interplanar distance d{hxhlh^ y 
given by (5).
Hence, it follows that (at least) all bonds cut by a 
single (satellite) plane (hxh2h3h4) in the physical crystal 
are also cut by one hyperplane (hlh2h3h4)s in the 
embedded crystal in superspace. In the next section, we 
even show that, at least for planes (hxh2h3h4) that are not 
perpendicular to the modulation wave vector q, exactly 
the same bonds are cut by one mesh volume MHjJ of the 
hyperplane (hxh2h3h4)s in superspace as by the (satellite) 
plane (hxh2h3h4) in the physical crystal. This opens the 
way to the calculation of surface free energies 
in superspace.
4. The one-to-one correspondence between crystal­
lographic hyperplanes and (satellite) planes In the
physical crystal
In this section, we show how to calculate the average 
energy of m.b.c. bonds, that are cut in the physical crystal 
by a certain plane {hxh2h3h4). In order to obtain the 
surface free energy this average energy must
be multiplied for each kina of m.b.c. with the m.b.c. 
density, which is the number of that kind of m.b.c. that 
intersect the plane per unit area. The surface free energy 
F(hlh2h3hA) that we calculate is therefore the average 
energy per unit area that is necessary to create an 
infinitely large plane (hxh2h3h4) by cutting bonds.
In order to find the average energy of all bonds cut by 
a certain plane (hi h2h3h4) in the physical crystal, we use 
the fact that the physical space is a subspace of the 
superspace and that there is lattice translational symmetry 
in the latter. Each intersection point of the plane 
(hxh2h3h4) with the m.b.c.’s of one kind in the physical 
space is in some unit cell of the lattice As. Owing to the 
lattice translational symmetry, there is in all cases an 
equivalent point in the first unit ceil (containing the 
origin) of A s. We consider the infinite set of points thus 
obtained in this first unit cell. The average energy that we 
seek is exactly the average energy of the bonds 
corresponding to the points in this set.
In addition, we calculate the intersection points of the 
corresponding (hxh2h3h4)s with the uniform bond density 
in superspace that corresponds to the chosen m.b.c. 
Again, all of these poiñts are equivalent to points in the 
first unit cell of A s. In this unit cell, we thus again obtain 
an infinite set of points. This set must contain the set of 
points that was constructed out of the intersection points 
in the physical crystal, because the physical crystal is 
contained in the embedded crystal and the m.b.c.’s are 
contained in the uniform bond density. For all planes, 
except a plane perpendicular to a q with an incommen­
surate length, it is hereafter shown that the two sets are 
identical. In these cases, there is a one-to-one correspon­
dence between (satellite) planes and crystallographic 
hyperplanes as the calculation of surface free energies is 
concerned.
It is instructive to consider the following four cases:
(1) satellite faces non-perpendicular to the modulation 
wave vector;
(2) main faces non-perpendicular to the modulation 
wave vector;
(3) faces perpendicular to a modulation wave vector 
with an incommensurate direction;
(4 ) faces perpendicular to a modulation wave vector 
with an incommensurate length.
4.1. Satellite faces non-perpendicular to the modulation 
wave vector
Here, the situation is outlined for (hxh2h3h4) planes, 
h4 0, that are not perpendicular to q. In this case, it is 
not necessary to discriminate between a q with an 
incommensurate direction and a q with an incommensu­
rate length. The presented analysis applies for both types. 
This case can be considered as the generic case.
As described before, a m.b.c. is represented by means 
of the subspace Mb around which the m.b.c. winds its 
way. Although.not essential, we assume for the ease of 
analysis that Mb contains the origin. To indicate this, it is 
denoted Mh(o). Because the incommensurately modu­
lated crystal can be considered as a deformed three- 
dimensional basis structure that has a lattice A , all one­
dimensional subspaces
Mb(n), n =  (nXìn2ìn3) e A , (15)
represent a m.b.c. of the same kind. Mb(n) is the one­
dimensional subspace obtained by translating all points 
of Mb(o) over the vector n in the physical space. The 
points x in these subspaces Mb(n) can be written as 
follows:
x =  % b  +  n, VxbX e IR; nXin2in3 (16)
where b is given by (9). Transforming to the basis of the 
lattice A s in superspace, these points become (see §3.1):
x (xbXb +  n, (xbxh +  n) • q). (17)
It is important to keep in mind that all the points 
xs e Mb(n) are in the physical space, although their 
coordinates are given with respect to A s.
The uniform bond density that is obtained in super­
space for these m.b.c.’s can accordingly be represented 
by planes
Vbti(n), n e ^ l  
and the points on these planes can thus be written
(18)
(19)
In Fig. 3, an example is given of a crystal with only 
one kind of atom. Only a particular section (constant x3s
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coordinate) of the superspace has been drawn. M .bx/s 
are considered for which b =  a j and f || aa. Three one­
dimensional subspaces Afal(o), Mal(a2) and Mal(2a2) 
have been drawn. The corresponding planes Val s(o), 
^ai,i(a2) ^ai^(2a2) have been indicated.
Consider now a crystallographic hyperplane 
{hxh2h3h4)s. It has been shown in §3.3 that this hyper­
plane contains the satellite plane (hxh2h3hA). This is 
demonstrated in Fig. 4 by drawing the (1 lh32)s plane and 
the satellite plane ( l lh 32) for the same situation as 
represented in Fig. 3. The intersections of the hyperplane 
with the subspaces Mb(n) represent, therefore, the 
intersection points of the (satellite) plane with the 
physical crystal. On the other hand, die intersections of 
the hyperplane with the planes Vt,5(n) represent the 
intersection points of the hyperplane with the embedded 
structure in superspace, concerning the m.b.c. under 
study.
As described in §3.3, the crystallographic hyperplane 
(hxh2h3h^s consists of all points xs in superspace for 
which
H constant. (20)
In Fig. 4, this constant is 2.
If we shift all points of the plane over a vector d H we 
get a plane that is described by the following equation:
H(M2M4).s • xs =  constant +  1. (21)
In the case that hv h2,h3 and h4 have no common divisor 
larger than 1, this plane is translationally equivalent to 
the plane given by (20).
The intersection of the considered plane with the 
m.b.c.’s in the physical crystal is now obtained by 
substituting xs € Mb(n) [(17)] for xs in (20) and solving it 
for xbl. The solution is
xbi =  [constant -  • (n, n q)]
X [H(,„ Vl3„4),s (b, b • q)]-1
(constant -  ■ a)/ (H{hlhlhjhi) • b) (22)
For each subspace Mb(n), the required intersection point 
is determined by substituting this xbl in (17). The 
intersection point is denoted we immediately
drop the H dependence in the notation and write Pb(n).
There is no solution in the case that the bond-chain 
vector b is parallel to the plane which
suggests that the plane does not cut any bonds. However, 
the atoms may be shifted out of the plane if their 
modulation amplitude vector has a component perpendi­
cular to the plane. The bonds of the m.b.c. are then not 
necessarily parallel to the plane and can, therefore, be cut 
by the plane. Nevertheless, we do not take these m.b.c.’s 
into account because it is usually possible to shift the 
plane in the direction of its normal so that the bonds of 
the m.b.c. are no longer cut. This corresponds to a lower 
surface free energy and is, therefore, more favourable.
We are interested, of course, in the lowest possible 
surface free energy.
Next, we calculate the intersection of the hyperplane 
(hih2h3h4)s with the planes Vbs(n) by substituting 
X* £ K ,  [(19)1 in (20). The solution is the line
xb 1 [constant — H (hih2h3h4\ s  *
-1
(n, xb2)]
(23)
These lines should now be denoted Lb H(n) but again we 
drop the H dependence. The lines Lb(n), of course, 
contain the points Ph(n). This is demonstrated in Fig. 5, 
again for the same situation as presented in Fig. 3.
Making use of the lattice translational symmetry in 
superspace one can translate the points Pb(n) and the 
lines £b(n) to the Vh s(°) plan«, by using the translation
n ( ni» n n3, 0). (24)
The obtained translationally equivalent points are
M.r
M . - l H i l ----------
U j  *
M (2a,i - --
1 >•#
Fig. 3. A section at constan t^  coordinate of the superspace embedding 
of an incommensurately modulated crystal. The vectors and a2 
define a plane in the physical crystal. The rest of the figure is outside 
the physical crystal. There is only one kind of atom, represented by 
the wavy lines; the solid parts are above the plane and the dashed 
parts are below. The modulation amplitude vector f  is parallel to a ( 
and m.b.c.’s are considered for which b =  av. Furthermore, q{ ^  0 
and qz ^  0 because au differs from a! and differs from a2. Three 
subspaces Afti (n), which all represent a m.b.c. of the same kind, have 
been drawn and the corresponding planes Vh(n) are indicated.
HYPERPLANE 
( Uh^ } s
SATELLITE 
PLANE a»h32)
M (0)
r— —mbc a i
M a i2a2) -----
Fig. 4. The orientation of one hyperplane from the grid (1 \h32)s in the 
same superspace embedding as used in Fig, 3. The hyperplane cuts 
the au axis at 2, the axis at 2, the a3i. axis at 2jhs and the a4s axis 
at 1. The intersection of this hyperplane with the physical crystal is 
the satellite plane (11*32), which cuts the a} axis at 2/(1 -f 2q])} the 
a2 axis at 2/(1 +  2q2) and the a3 axis at 2/(h2 4- 2<j3).
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denoted P'b(n) and the lines are denoted L'b(n). In Fig. 
6 , these have been drawn for the example used in this 
section.
If we use the set of two coordinates with respect to the 
basis of the lattice A b on Vbs(o), we obtain
P'b( n) =  (xbi, xbl (q • b) +  q  • n)„b j(o) (25)
with xbx given by (22) and
Lb(n) =  (xbx, xb2)vb J(0)i %b2 ^ ^  (26)
with xbl given by (23).
The set of lines Ub(n) in the plane Vbs(o) are 
equivalent to a grid of net planes 
(hxbx ~f h2b2 +  hzb3lh4)s in the embedding of an in­
commensurately modulated one-dimensional crystal, 
with an average periodicity a =  |b| and modulation
Fig. 5. The intersection of the hyperplane (112)^  (see Fig. 4) with the 
embedded m ,bx/s (see Fig. 3) can be represented by lines Lki (n). 
These lines have the points Pl{ (n) in common with the physical 
crystal. The satellite plane (11/i32) intersects the subspaces (n) 
exactly at these points Pn (n).
■i
*
%
%
1
V
Fig. 6. From translation vectors of the lattice AS1 it is possible to find, in 
one Vb>s plane, lines V% (n) equivalent to the lines Lt] (n) that have 
been obtained in Fig. 5. As the intersection points (n) can be 
found on the lines (n), translationally equivalent points F  ^ (n) can 
be found on the lines L'âl (n). In the plane Vbj, there is a lattice Ab. 
With translation vectors of this lattice, it is possible to show that all 
lines Z/#i(n) are translationally equivalent. The line L!i{ (a2), for 
example, is translationally equivalent (using the vector au) to the line 
¿i, (2a2)• As the points P'Mi (n) are on the lines L'%i (it), translationally 
equivalent points P" (n) can be found on the line L!h (2a2). This line 
can be considered as a lattice plane defined on Ab in Vhs. It can be 
shown that the points P"{ (n) become dense on a single mesh area of 
this (1 +  1 )-dimensional lattice plane.
wave vector q =  (q • b)a*. We have shown in a previous 
paper (Kremers et al., 1994) that in such a (1 -f 1)- 
dimensional case all members of the grid of net planes 
(hxh2)s [here corresponding to the lines L(,(n)] are 
translationally equivalent and that all intersection points 
of the grid with the one-dimensional modulated crystal 
[here corresponding to the subspace Mb(o)] become 
dense on a single mesh area s of one member of
the grid, if translations of the (1 +  l)-dimensional lattice 
are used. The only difference between that case and the 
present one is that the points /*(,(«) in which we are 
interested are not all in the one-dimensional physical 
subspace Mb(o) but instead only one point is. For the 
example, this can be seen in Fig. 6.
However, for the same reasons as described by 
Kremers et a i  (1994), all lines Lb(n) are translationally 
equivalent (unless hxbx +  h2b2 +  h3b^  and hA have a 
common divisor larger than 1). Consequently, we arrive 
at the important conclusion that the intersection of a 
hyperplane {hxh1h2)hA)s with the uniform bond density 
corresponding to a m.b.c. with bond-chain vector b can 
be found by considering one mesh area of one line Lb(n) 
in a (1 4- l)-dimensional description of the m.b.c.
Subsequently, we want to show that also all points 
P'h(n) become dense on one such mesh area of a line 
Lb(n). This can be made clear in the following way. 
Since the lines Lb(n) behave as a grid of net planes on the 
lattice Ah of Vb s(o), one can find, for each single line, a 
translation
nv =  («M. nb2\ bA„), nhi, nhl e  E  (27)
such that the line is translated onto one specific line Lb. 
Thus, we obtain points /^(n) (see Fig* 6) that are on the 
chosen line L!b, having a coordinate xbi — nhl with 
nbi e ^  and xbl given by (22), Owing to the incommen­
surability, xbi is always an irrational number and, 
therefore, also xb] — nbx is irrational. On the line Lb 
there is a periodicity of /z4 in the coordinate because 
the slope is equal to —{hxbx +  h2b2 +  h3b3)/h4. Owing to 
this periodicity and the irrationality of xbx — nbXi the 
points Pb(n) become dense on the line Lb. This can be 
proven by following the same arguments as used in the 
proof of the existence of a uniform bond density in the 
(1 -f- l)-dimensional superspace of an incommensurately 
modulated one-dimensional crystal, as has been given by 
Kremers et al. (1994).
Thus, we have shown that the intersection of a 
(satellite) plane with a m.b.c. of the physical crystal, 
having bond-chain vector b, can also be found by 
considering one mesh area of one single line Lb(n) in a 
(1 +  l)~dimensional embedding of the m.b.c. This opens 
the way for inspecting the bonds that are cut by the 
satellite plane by means of a graphical method. For each 
m.bx., one draws the corresponding (1 +  l)-dimensional 
embedding of the m.b.c. The intersection points can then 
be found by drawing the (1 +  l)-dimensional plane 
(hibi + h 2b2 +  h3bi ,h4)s.
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When Ajô, H- h2b2 +  A3ô3 and h4 have some common 
divisor d € Ü, not all lines L'b(n) are translationally 
equivalent but there are d  different non-translationally 
equivalent lines. However, for each of these lines, there 
are still infinitely many translationally equivalent lines 
L'b(n). The points Pb(n) on one such subset of ail lines 
Lb(n) become dense on a single line of the subset. This 
holds for all à different non-translationally equivalent 
lines.
It is concluded that for planes {hxh2h3h4) non­
perpendicular to q there exists a one-to-one correspon­
dence between the intersection of the hyperplane 
(hlh2h3h4)s with the embedded structure and the 
intersection of the (satellite) plane with the physical 
crystal. Furthermore, this conclusion can be drawn for 
each value of the constant in (20), This implies that there 
is also a one-to-one correspondence between the satellite 
planes corresponding to two hyperplanes {hxh2h3h4)s that 
are an integer number times dBs apart because these 
hyperplanes are translationally equivalent. Therefore, the 
average energy of the bonds cut by a plane {hxh2h3h4) in 
the physical crystal is equal to that of the bonds cut by a 
plane with the same orientation but shifted over a vector 
{^h\h2hhA) respect to the original plane. Conse­
quently, the physical crystal can be partitioned in slices 
with thickness that all have exactly the same
energy content En. The difference between this ZsH and 
the classical notion i?slicc is addressed in the Discussion. 
The remaining question is whether the surface free 
energy depends on the exact position of the surface of the 
slice. This position is determined by the value of the 
constant in (20).
In this section, it has been shown that, in order to find 
the average energy of the bonds that are cut in the 
physical crystal by a plane (AiA2A3A4)a it is sufficient to 
average over the energy of the embedded bonds that are 
cut in superspace by a hyperplane (h}h2h$h4)S' However, 
the latter is equal to averaging over one mesh volume 
Mn s of the hyperplane because the embedded structure 
has a lattice. This, in turn, is equal to averaging over all 
embedded bonds that are cut in one unit cell of A s by the 
grid of net planes (h{h2h3h4)s (Heijmen, Kremers & 
Meekes, 1994).
4.2. Main faces non-perpendicular to the modulation 
wave vector
Main faces, on the incommensurately modulated 
crystals that we consider, are (hxh2h30) planes. Here, 
we consider only those h4 =  0 planes that are not 
perpendicular to the modulation wave vector q. In the 
case that q has an incommensurate direction, there is 
even no main face perpendicular to it. Although 
(h\h2h30) planes have the same orientation as (hxh2h3) 
planes would have if the modulation were absent, their 
surface free energy can definitely be changed by the 
modulation. Using the generic case that has been
described in §4.1, one can derive that there is again a 
one-to-one correspondence between a main face 
(AiA2A30) and the crystallographic hyperplane (hxh2h30)s.
Such a hyperplane has a special orientation in 
superspace in the sense that it is parallel to the internal 
space. This means that all lines Lb, obtained by 
intersecting the hyperplane with an embedded m.b.c,, 
are also parallel to the internal space. Following the same 
procedure as described in §4.1, one finds lines
(n ) — iXb 1 ’ xà2)i‘btS(o)t Xb2 €
where
xbi =  (constant -  • n)/(H(MjM) • b)
is independent of xb2* These lines Lb(n) can be translated 
onto \hib l -f h2b2 4- A3£>3| lines Lb through the first unit 
cell of the lattice A b, The points /^'(n) on these lines that 
are translationally equivalent to the intersection points of 
the main face (hih2h30) with the physical crystal, then 
have xb2 coordinate
xb2 =  {[(q • bXconstant -  H(A( W )  • n)]
x ' b) * 1 +  (<1 ' n)■
Since there is a translational periodicity of 1 on the xb2 
coordinate, the points P'¿{n) become dense on the 
\h1bl 4- h2b2 +  A363| lines. Therefore, the same bonds 
are cut in the intersection of a main face (h{h2h30) with 
the physical crystal as in the intersection of one mesh 
volume M ns of the hyperplane (hlh2k30)s with the 
embedded m.b.c. This can be inspected graphically by 
drawing (1 +  l)-dimensional (Alò l +  h2b2 +  A3¿?3, 0)Ä 
planes in the corresponding (1 +  l)-dimensional embed­
dings of the m.b.c.’s present in the crystal.
Furthermore, for the same reasons as given in §4.1, the 
crystal can be partitioned in (AjA^O) slices with 
thickness |diAlA Ä 0)l that all have exactly the same energy 
content and surface free energy. The latter, however, may 
depend on the exact position of the surface.
4.3. Faces perpendicular to a modulation wave vector 
with an incommensurate direction
The only faces perpendicular to a modulation wave 
vector q with an incommensurate direction are (OOOA4) 
planes. Also for these planes one can follow the lines of 
thought as used in the generic case that has been 
described in §4.1. The lines Lb(n) are then found to be
Z4(n) =  (*M, constant/A4)Vb t(o), xbl e
Therefore, they are all equal and parallel to the bs axis. 
The points Pb(n), corresponding to the intersection 
points in the physical crystal have xbi coordinates
xbl =  [constant — A4(q * n)]/A4(q • b) 
on this line.
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If we choose h4 =  1, the intersection points in the 
physical crystal can be inspected graphically by drawing 
(01)s planes in the (1 4- l)-dimensional embeddings of 
the m.b.c/s present in the crystal.
In this case, the crystal can be partitioned in (0001)
slices with thickness (d^ oooi)! ^ave same
energy content and the same surface free energy. Again, 
it is expected that this surface free energy depends on the 
exact position of the surface.
4.4. Faces perpendicular to a modulation wave vector 
with an incommensurate length
When one is dealing with a modulation wave vector q, 
having an incommensurate length, there is a special plane 
that requires a treatment clearly different from the 
analysis outlined in §4.1 (see also van Smaalen, 1993). 
This is the plane that is perpendicular to q. It has been 
explained in §2.3 that on such a plane there does exist a 
two-dimensional unit cell, contrary to the cases that have 
been treated in §§4.1, 4.2 and 4.3. Therefore, there can 
only be a finite number of different bonds that are cut by 
that plane.
In view of §§4.2 and 4.3, it is interesting to realize that 
the plane can be considered to be a main plane
(A i.^ iW tfi). ¿ lfe / t f i ) -0) with h ^ q j q j  and 
h\(q3/ q l) e l a s  well as a (000/?4) satellite plane. (We 
have conveniently taken ql ^  0.) This implies that the 
plane perpendicular to q is contained in the hyperplane 
(hXthi(q2/ q l)1 hx(q3/ q x), 0)s as well as in the hyperplane 
(000A4)5. It is, therefore, (contained in) the intersection of 
these two hyperplanes. We want to point out that an 
analogous situation is encountered for quasiperiodic 
tilings (Heijmen, Kremers, Meekes & Janssen, 1995). 
For such tilings, however, the situation is generic, 
whereas it is a special case for an incommensurately 
modulated crystal.
Although we are dealing with a special situation, it is 
still possible to use the super space embedding of the 
structure in order to find the intersection points of the 
plane perpendicular to q with the physical crystal. 
Consider the hyperplane (hu hx{q2fq x) ,h x(q3/q x), 0)5. 
Its intersections with the subspaces Mb(n) that represent 
the m.b.c.’s can be calculated in the same way as 
described in §4.1. The intersection points Pb(n) are given 
by putting xbl in (17) equal to
xbi =  [constant — (hx/ q x)(q • n)]
X +  hx(q2/ q x)bt  +  h1(qi /q l)b3]~ \  (28)
One then finds the following condition for the xb2 
coordinate:
xh2 =  (<7i/¿ i) constant. (29)
This condition, however, exactly expresses that all 
intersection points Pb(n) are on a crystallographic 
hyperplane (000h4)s. The points Pb(n) can again be
translated to the Vb i(°) plane with lattice vectors of the 
lattice As so that equivalent points /^(n) are obtained. 
With the set of two coordinates *¿>2X^(0) defined 
with respect to the basis of the lattice A b on this plane, 
the points P(,(n) can be written
^b(n) =  (**1. (<7i/Ai) cons tan t)V|ij(o),
where xbx is given by (28). All the points Pb(n) lie on the 
lines Lb(n) that would have been found if the intersection 
lines Lb(n) of the embedded m.b.c. with the hyperplane 
(/z1, hx(q2/q x), hx(q3/q x)i 0)5 would have been translated 
to the Vb s(o) plane. Therefore, it is tempting to look at 
the situation again as a grid of (hlb i +  h2b2 4- h3b3, 0)^  
planes in the (1 4- l)-dimensional embedding of the 
m.b.c. However, this case differs from the situation 
described in §4.2, as the points now all have equal xb2 
coordinate. Therefore, if one tries to translate these point 
to points Pb(n) in the first unit cell of the lattice A b only 
Ihxb{ 4- h2b2 4- h3b3\ different points Pb(n) are obtained, 
instead of infinitely many. This may be expected because 
a two-dimensional unit cell can be defined on the plane 
and, as we show in §6, the m.b.c. density is indeed 
Ihxbx + h 2b2 +  h3b3\ divided by the area of that two- 
dimensional unit cell.
The intersection points with the physical crystal of a 
plane perpendicular to a q that has an incommensurate 
length can thus be found by considering the intersection 
points of a grid of (hxbx +  h2b2 4- h3b3i 0)5 planes with a 
(0 , l)j hyperplane in a (1 4-1 )-dimensional embedding 
of a m.b.c. This situation is clearly exceptional because it 
is the only one in which there is no one-to-one 
correspondence between the plane in the physical crystal 
and the corresponding hyperplane.
Furthermore, one can in this case not derive that 
it is possible to partition the crystal in 
(hxihx(q2/q x)i h{(q3/q x), 0) slices with the same energy 
content or with the same surface free energy. That is, if 
we consider a plane (hXi hx(q2/ q x)^  hAq-x/qX 0) that has 
been shifted over a vector ?l),A|(„ /„ ),0) with
respect to the plane just described, similar results to (28) 
and (29) are found, the only difference being that the 
value of the constant has increased with 1. This means 
that the points Pb(n) are again on the grid of 
(hxbx +  h2b2 +  h3b3i0)s planes but have a different xb2 
coordinate:
xbi =  (<7i/^i) constant 4 -^ 1/Aj.
One thus obtains a different set of (Aj^ +  h2b2 4- A3b3| 
points, which means that the average energy of the bonds 
that are cut by the plane is, in principle, also different 
Shifting the plane any integer, p  e Ü, times
i*(Ai.Ai(ft/?i).*i(9j/9i).o) never gives an equivalent set of 
intersection points because in all these cases an irrational
number p(ql /h i) is added to the xb2 coordinate of the
points P¿(n) and there is a translational periodicity of one
in the xb2 coordinate.
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In order to study the average energy of the bonds that 
are cut as a function of position of the plane, one must 
vary the position of the grid {hx b\ +  h2b2 +  A3Ò3, 0)s as 
well as the position of the (0, 1)^  hyperplane. Each set of 
intersection points that is obtained in this way corre­
sponds to some position of the plane perpendicular to q 
in the physical crystal.
Thus, this case is indeed exceptional.
5. Principle of selective cuts
In this section, we demonstrate the principle of selective 
cuts. It has been shown by Kremers et al, (1994) how, for 
an incommensurately modulated one-dimensional crys­
tal, this principle is the cause of the stabilization of 
(satellite) faces, i.e. the lowering of surface free energy. 
Also, for incommensurately modulated three-dimen­
sional crystals, there is a lowering of the surface free 
energy caused by the principle of selective cuts.
In §4, it has been shown that the average energy of the 
bonds that are cut in the physical crystal by a certain 
{h\h2h3hA) plane can be found, in general, in superspace 
by averaging over all embedded bonds that are cut by 
one mesh volume of the corresponding hyperplane 
(hih2h3hA)s. Although the approach of §4 is not valid 
for commensurately modulated crystals (qv  q2% q3 e ®), 
it can be applied to incommensurately modulated crystals 
for which the modulation amplitude vector f has zero 
length. In that case, however, the structure does not differ 
from the non-modulated crystal. The wavy lines in 
superspace that represent the atoms become straight lines 
and the modulated bond chains are no longer modulated. 
For convenience, let us consider m.b.c.’s that consist of 
one type of atom and one type of bond. In the embedding 
of this m.bx., only one bond length is found in the 
uniform bond density in superspace. Consequently, the 
average length of the embedded bonds that are cut by the 
mesh volume of any hyperplane is a constant, i.e. equal 
to the length of the non-modulated bond. This implies 
that, for a crystal that is not modulated, it is the number 
of intersected bonds per unit area, which is the so-called 
m.b.c. density, that determines the surface free energy. It 
is well known, however, that in that case cusps appear in 
a polar plot of the surface free energy only for (hkl) 
planes, i.e. a Wulff plot (Bennema & van der Eerden,
1987). Only these planes, therefore, can appear in the 
equilibrium form of a non-modulated crystal.
Let us now consider an incommensurately modulated 
crystal with a non-zero modulation amplitude. Although 
the atoms are displaced due to the modulation, we have 
assumed that with respect to p.b.c.’s for the non- 
modulated case no bonds disappear and no extra bonds 
appear in m.b.c.’s of the modulated crystal. This means 
that for an infinite plane the average number of 
intersected m.b.c.’s per unit area is the same as the 
number intersected in the non-modulated case, unless the 
modulation amplitude is very large. Since we calculate
surface free energies as average broken-bond energies 
over infinite planes, it cannot be this m.b.c. density that 
changes the surface free energy for an incommensurately 
modulated crystal. Therefore, if the surface free energy of 
satellite faces can be lowered due to the modulation so 
that they have a chance of appearing on the equilibrium 
form, this must be caused by the fact that the average 
broken-bond energy can be lower than the energy of a 
non-modulated bond. In general, this is possible because 
a mesh volume of a hyperplane can intersect only a 
selection of all possible bonds that can be found in 
superspace. We reach the conclusion that the stabilization 
of (satellite) planes is caused by a principle of selective 
cuts. This principle is now demonstrated for the four 
cases described in §4. We treat them in the order of 
increasing possible stabilization of surface free energy.
5.1. Main faces non-perpendicular to the modulation 
wave vector
It has been shown in §4.2 that for main faces one must 
inspect the embedded bonds that are cut by a grid of 
(h}b } +  h2b2 + h 3b3,0)s planes in the (1 +  ^-dimen­
sional embedding of a m.b.c. As an example, we take 
b =  aT and f || and consider the (1110) plane so that 
the grid is (1,0)^. From the analysis in §4.2, we have also 
learned that the surface free energy is expected to depend 
on the position of the plane, with a periodicity of
In Fig. 7, the situation is presented for two (1110) 
planes at different positions and the bonds that are cut by 
one mesh area have been indicated. For the first position, 
all possible different bonds are cut so that the average 
energy is equal to the energy of a non-modulated bond. 
The second position, however, demonstrates that it is 
possible to position the plane such that relatively more
j^tñhc
Fig. 7. Demonstration of the principle of selective cuts for the (1110) 
plane cutting m.b.c.’s for which b = and fDa,. The situation can 
be represented with a (1, Q)s plane intersecting the bonds in a (1 +  1)- 
dimensional embedding of the m.b.c. The cut bonds have been 
shaded. Two different positions for the plane represent the variation 
of surface free energy within a distance d^UQy
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long than short bonds are cut. This is an example of the 
principle of selective cuts. The average energy will be 
lower than the energy of the non-modulated bond. Main 
faces non-perpendicular to the modulation wave vector 
can thus have a lower surface free energy than they 
would have in the non-modulated case.
The amount of stabilization for a certain plane 
depends, of course, on the shape of the modulation 
function w, the magnitude and direction of the modula­
tion amplitude vector f and the magnitude and direction 
of the modulation wave vector q. It is not straightforward 
to predict the dependence on u. The dependence on f is, 
however, clear. The larger the amplitude |f| and the 
larger the value of (f - b|, the larger the amount of 
stabilization. In both cases, a larger value implies that 
larger bond lengths can be found in the crystal.
For the influence of the direction of the modulation 
wave vector, one must again discriminate between a 
modulation wave vector with an incommensurate length 
and with an incommensurate direction. In the case of an 
incommensurate length, there can be m.b.c.’s for which 
b_Lq. These must then be periodic bond chains. They can 
differ from what they would be in the case that the 
modulation was absent, if they are built out of more than 
one kind of bond. Nevertheless, these m.b.c.’s contain 
only a finite number of different bonds, so that in their 
embedding also only a finite number of different bond 
lengths appear. This implies that there can be no selective 
cutting. In the case of a modulation wave vector with 
an incommensurate direction, all m.b.c.’s are indeed 
modulated, so that every imb.c. contains an infinite 
number of different bonds. Furthermore, the distinction 
between the two types of modulation wave vector is 
essential for the amount of stabilization of planes 
perpendicular to q. This, however, is explicitly treated 
below.
Also, the length of the modulation wave vector 
influences the amount of stabilization. As explained in 
§4.1, one can consider the (1 +  l)-dimensional embed­
ding of the m.b.c. to have a modulation wave vector 
q =  (q . b)a*. The dependence on the length of such a 
vector q has already been outlined by Kremers et a i  
(1994) for a longitudinal modulation, f||b. In that paper, 
we studied the dependence on the value of q} for an 
incommensurately modulated one-dimensional crystal 
and we refer to Fig. 5 of this reference. This figure can 
still be used for the overall behaviour in the case that the 
modulation is not longitudinal.
5.2. Satellite faces non-perpendicular to the modulation 
wave vector
The case of satellite faces (hxh2h3h4)t hA ^  0, has been 
treated in §4.1. In Fig. 8 , the (1, 2)  ^plane has been drawn 
representing the (1112) plane and the (0 , 1)¿ plane 
representing the (0111) plane. Here, b =  ax and f l ^  
also, The positions of the planes can again be varied over 
distances id(U12)| and |d(0I1I)|, respectively, in order to
study the dependence of the surface free energy on the 
position. For the (1112) plane, this is equal to varying the 
position at which the hyperplane cuts the a4s axis 
between 0a4i and For the (0111) plane, the
intersection point at the aAs axis must be varied between 
Oa^ and 1 .
Fig. 8 clearly shows that the (0, l)s plane cuts only a 
small fraction of all possible bonds, whereas the ( l , 2)s 
plane cuts all possible different bonds at least once, and a 
large fraction of them even twice. It is important to 
realize that the (01\ plane is so selective in Fig. 8 
because the value of qx in this (1 +  l)-dimensional 
embedding is about 0.26. The largest stabilization of the 
(01)j plane can be reached for q x =0 .35 (see Kremers et 
a/., 1994). In the case when qx is close to 0.65, one 
would expect (1Ï) to be highly selective.
The amount of stabilization with respect to the non- 
modulated crystal again depends on the modulation 
function u, the modulation amplitude vector f and the 
modulation wave vector q in the same way as described 
in §5.1. Furthermore, Fig. 8 shows that, in general, there 
can be more stabilization when the mesh area of the 
(hlb l 4- h2b2 +  h3b3, h4)s plane is smaller. In order to 
have such a small mesh area, both /z,Z?, -h h2b2 +  h3b3 
and h4 must be small Therefore, as a rule of thumb, one 
can state that the smaller the indices hu h2) h3 and h4 the 
larger the stabilization. The same rule of thumb is often 
used for (hxh2h3) planes in non-modulated crystals.
In general, one can expect that there exists a selected 
number of satellite faces that have a relatively larger 
stabilization than the main faces. This causes satellite 
faces to have a chance of appearing in the equilibrium 
form.
5.3. Faces perpendicular to a modulation wave vector 
with an incommensurate direction
From §4.3, we have learned that one must study the 
(0 , 1)* plane in the (1 +  l)~dimensional embedding of
Fig. 8. Demonstration of the principle of selective cuts for the satellite 
faces (1112) and (0111). The situations can be represented with a 
(1,2), and (0, 1)5 piane, respectively. The embedded m.b.c. is the 
same as in Fig. 7. The cut bonds have been shaded. It is clear that 
bonds of the m.b.c. are much more selectively cut by the (0111) plane 
than by the (1112) plane.
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each and every m.b.c. in the crystal in the case of a face 
perpendicular to a q with an incommensurate direction. 
In §5.2, it has been shown for the (0111) plane that such a 
(0, 1)5 plane is highly selective in cutting bonds when the 
corresponding value of q x is close to 0.35. The same 
applies, of course, here. However, the stabilization of the 
(0001) plane, which is considered here, can be larger 
than the stabilization of a plane like the (0111) plane. 
This is because in the case of the (0001) plane we must 
consider for each and every m.b.c. a (0, l \  plane. On the 
other hand, for the (0111) plane, for example, this is the 
case for a m.b.c. with b =  aj but, for a m.b.c. with 
b =  a2, the (1, l)s plane and not the (0 , l)s would have to 
be considered. Of course, the value of q • b determines 
the degree of selectivity but, for any value of q • b, the 
average energy of the embedded bonds cut by the (01)^  
plane is lower than the average energy of the bonds cut 
by the (11)* plane (see Kemers et al., 1994, Fig. 5).
The amount of stabilization for the (0001) plane for a 
q with an incommensurate direction again depends on 
the modulation function, the modulation amplitude 
vector and the modulation wave vector as described in
§5.1.
5.4. Faces perpendicular to a modulation wave vector 
with an incommensurate length
The largest possible stabilization is reached for a plane 
perpendicular to a q with an incommensurate length. 
This is because there is a two-dimensional lattice 
periodicity on this plane. Therefore, this is the only case 
in which a finite number of different bonds is cut.
In Fig. 9, this is demonstrated for qUa^ f | |a l and the 
m.b.c, for which b =  It has been explained in §4.4 
that one must average, in this case, over all intersection 
points of a (0 , 1)5 plane with a (1, 0)^  grid in one unit cell 
of the lattice A b on the plane Vb s. Fig. 9 shows that for 
the chosen example only one bond is cut. Thus, the 
(1, 0), grid and the (0 , 1), plane can be positioned such 
that precisely the longest bond is cut, which has the
Fig. 9. Demonstmtion of the principle of selective cuts for the (1000) 
plane perpendicular to the vector q =  The bonds intersected by 
this plane in the physical crystal are found by the construction 
described in §4.4. In this case, only one bond is cut, which has been 
drawn. The (1000) plane is thus stabilized considerably.
lowest energy possible for that bond. Of course, this 
gives the largest stabilization. This stabilization may be 
so large that (other) satellite faces loose their chance of 
appearing on the equilibrium morphology. In that case, 
only main faces determine the morphology together with 
this one exceptional face.
Although it is equally possible to consider the plane 
perpendicular to a q with an incommensurate length as a 
satellite face, we choose to consider it as a main face 
because a face with the same orientation can be present 
on the crystal if the modulation is absent.
6, Model calculations
In order to obtain in our broken-bond model the surface 
free energy f°r the plane (h}h2h3h4), one must
calculate, for each type of m.b.c. specified by the bond- 
chain vector b(, both the m.b.c. density on the plane 
and the average energy ÿMM 2M4) °f aI1 bonds’ 
belonging to the m.b.c., that are cut by the (infinitely 
large) plane. The surface free energy is then given by
A m 2a3a4) =  E V ñ .  ¡, (A I *4> ’ (30)b*-
where the summation is performed over all m.b.c.’s that 
are present in the crystal. If the crystal is not modulated, 
one should substitute yb¡ for *n (30) because
the energies of the cut bonds are then not modulated. 
Moreover, there is, of course, no average that can depend 
on the indices hu h2 ih3 and /i4.
The m.b.c. density Sb.x is determined from the average 
surface area Shj on the plane for each m.b.c. of type b,. It 
is the same for both the modulated and the non- 
modulated crystal.
=  n^bj - Hc, |V ,3,4)|/ |H (, iW 4 )|
=  n¡\b¡ ■ (31)
where n¡ is the average number of m.b.c.’s of type i per 
unit volume in the crystal.
The average energy yb. is calculated in superspace by 
using the one-to-one correspondence between (satellite) 
planes and crystallographic hyperplanes as has been 
outlined in §4. A numerical integration is performed over 
the energy of the bonds that are cut by the grid of net 
planes (hlh2h$hA)s within one unit cell of the lattice A s in 
superspace. The energy y of a bond is taken to be 
inversely proportional to the length I of the bond:
y = x ß -
We take x =  1 in our calculations.
The dependence of on ^ e  position of the
plane within one dyi[hlhih¿ in the physical crystal is 
studied by calculating r ^ hlhlh^  for 750 equidistant 
planes (hih2h3h4) s within one dUs in superspace. It is 
important to realize that, for all m.b.c.’s bi9 the average
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energies yb. that are put in (30) must be calculated for the 
same position of the hyperplane in superspace. One of 
these positions will, thus, approximate the smallest 
surface free energy that is possible for this plane. We 
assume that the plane (hih2h3h4) always takes the 
corresponding position (mod ^ jA 2a3a4)) *n physical 
crystal. Therefore, this minimal surface free energy for 
each face (hxh2hzhA) is used for a standard Wulff plot in 
order to construct the equilibrium morphology.
When we are dealing with a modulation wave vector 
with an incommensurate length, a plane (h 
perpendicular to it, is treated separately in the way 
explained in §4.4. The positions of both the (0001)5 plane 
and the grid of i h ^ h ^ Q planes are varied over their 
corresponding dHs in super space in order to find the 
minimal surface free energy of this plane.
The surface free energies of planes (hih2h3hA) that one 
thus obtains only depend on the orientation of the plane. 
This means that a plane (h} ^  hA) has the same surface 
free energy as the plane Furthermore, only
planes have to be considered for which the indices have 1 
as largest common divisor. In the model calculations that 
are presented in this paper, the maximum value used for 
hx and h2 is 2, whereas for h3 and hA it is 3.
The model crystal that we consider is an incommen- 
surately modulated simple cubic crystal with only one 
kind of atom and three m.b.c.’s: b x =  a l 5  b 2 =  a2  and 
b 3 =  a3. The edges of the cubic unit cell of A have 
length 5 (units of length). The modulation wave function 
is u(r) =  cos(r). We have chosen this model crystal 
because it is one of the simplest possible. Therefore, it 
allows one to study in detail the behaviour of the 
equilibrium morphology as a function of the length as 
well as the direction of both the modulation amplitude 
vector f  and the modulation wave vector q. The results 
are presented in the following subsections.
6.1. The equilibrium morphology as a function of the 
direction of the modulation amplitude vector
In Figs. 10, 11 and 12, the equilibrium morphology as 
obtained from a Wulff plot is shown for f | |a2, f ||a 2 and 
f ||a3, respectively. The length of the modulation 
amplitude vector is |f| =  1.75 (units of length) for all 
three figures. The modulation wave vector q has an 
incommensurate direction but is infinitely close to
0.6a* +  0.3a3.
In Table 1, all faces are listed that occur on at least one 
of these three morphologies. The surface free energies of 
the faces are given for the case that the modulation 
amplitude is zero (non-modulated crystal) and for the 
three cases represented in Figs, 10, 11 and 12,
Fig. 11. Equilibrium morphology of an incommensurately modulated 
simple cubic crystal with only m.b.c.’s along the crystallographic 
axes. The modulation wave vector has an incommensurate direction 
but is infinitely close to 0.6a f +  0.3aJ. The modulation amplitude 
vector is f =  (0,0.35,0).
(1001)
(0010)
(101 i) 
(0100)
(1000)
(1000) 
(0100)
(Î0Î1)
(OOÌO)
(1001)
Fig. 10. Equilibrium morphology of an incommensurately modulated 
simple cubic crystal with only m.b.c.’s along the crystallographic 
axes. The modulation wave vector has an incommensurate direction 
but is infinitely close to 0.6aJ +  0,3a£. The modulation amplitude 
vector is f  =  (0.35, 0 ,0 ).
Fig. 12. Equilibrium morphology of an incommensurately modulated 
simple cubic crystal with only m,b.c.’s along the crystallographic 
axes. The modulation wave vector has an incommensurate direction 
but is infinitely close to 0.6aJ +  0.3aJ. The modulation amplitude 
vector is f =s (0,0,0.35).
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Table 1. Surface free energies and m.b.c. densities for important faces on the equilibrium morphologies of an
incommensurately modulated simple cubic crystal with only m.b.c.'s along the crystallographic axes
The four columns with surface free energies give the results for four different modulation amplitude vectors: f =  0, f =  (0.35,0, 0), f =  (0,0.35,0) 
and f =  (0,0,0.35), respectively, The equilibrium morphologies of the latter three cases are given in Figs. 10, 11 and 12. A value of the surface free 
energy enclosed by a box indicates that the corresponding face appears in the equilibrium form of the crystal. The modulation wave vector has an 
incommensurate direction, but is infinitely close to 0 .6a* + 0 .3a3,
Face
( 1000) 
(0100) 
(0010) 
(0001) 
( 1001) 
(1011) 
(1012) 
(1002) 
(0111)
r ( f  =  o) W I M n  f l l a j nr\ |a3)
0.0073
0.0107
0.0112
0.0109
0.0107
0.0101
0.0133
0.0088
0.0086
0.0092
0.0098
0.0100
0.0101
0.0090
0.0098
0.0094
0.0122
0.0093
0.0093
0.0126
0.0097
0.0099
0.0084
0.0120
e-t 0-1
1 0 0
0 1 0
0 0 1
0.89 0 0.45
0.80 0 0.30
0.50 0 0.S7
0.45 0 0.89
0.32 0 0.95
0.34 0.57 0.74
Furthermore, the (0111) face has been added. Also, the 
m.b.c. densities S~\S~2l and 5” 1 are given for all faces. 
The m.b.c. density does not depend on the modulation 
amplitude vector. It is therefore the same for all cases 
considered. The faces that appear on the equilibrium 
morphology are enclosed by boxes in Table 1. When 
there is no modulation (f =  0), only the faces (1000), 
(0100) and (0010) appear and all have the same surface 
free energy. The equilibrium form is, therefore, a cube. 
When there is a modulation, the equilibrium morphology 
is different. Here, we describe the dependence of this 
morphology on the direction of the modulation amplitude 
vector.
In §5.1, it has been explained that the amount of 
stabilization for the energy ÿb of a certain m.b.c. with 
bond vector b is expected to be larger if the value of 
|f ■ b| is larger. Furthermore, one knows from (30) that a 
larger m.b.c. density S f1 means that this stabilization is 
more effective in decreasing the surface free energy
°f the plane. Therefore, the lowest surface free 
energy is expected if the modulation amplitude vector is 
parallel to the bond-chain vector of the m.b.c. that has the 
largest m.b.c. density. Table 1 shows that this is indeed 
the case for the planes (1000), (0010), (0001), (1001), 
(1002) and (0111). This, of course, also holds for many 
other planes that are not given in the table. Note that both 
main faces and satellite faces can be stabilized owing to 
the modulation. For the face (0100), the m.b.c. density is 
largest for b =  a2 but the corresponding m.b.c. is not 
modulated since q • a2 =  0 so that there can be no 
stabilization for yaa. At this point, we must mention that a 
small technical problem still exists. For example, for the 
(1000) plane, the m.b.c. densities for b =  a2 and b =  a3 
have been taken as zero, because a2 and a3 are parallel to 
the plane. However, owing to the displacement of the 
atoms due to the modulation, bonds of these m.b.c.’s can 
be cut for some special positions of the plane. Of course, 
these contribute to the total surface free energy. In this 
paper, however, we have neglected these cases but in a 
forthcoming paper we will present a solution to this small 
technical problem.
For the faces (101Ï) and (1012), the m.b.c. density is 
largest for b =  a3. Nevertheless, the stabilization of the 
surface free energy is not largest for f ||a 3. In order to 
understand this, one must consider the (1 +  ^-dimen­
sional embedding of the m.b.c.’s. For example, for the
(1011) plane, the grid (11)^  has to be considered for both 
the m.b.c. with b =  a t and the m.b.c. with b =  a3. 
However, the corresponding values of q } in the (1 +  1)- 
dimensional embeddings equal q • b, which is qx =  0.6 
for b =  ax and qx =  0.3 for b =  a3. In Fig. 5 of Kremers 
et aL (1994), it is_ shown that for qx = 0 .6  the 
stabilization of the (11 )v plane is much larger than for 
q x =  0.3. This is the reason that, although the m*b.c. 
density is largest for b =  a3, r ^ 0l^ is lowest for f ||a t.
The importance of the (1 +  l)-dimensional embedding 
is further demonstrated by the fact that for f||a, the 
satellite faces (1001) and (1011) appear on the 
equilibrium^ form. For both of them, one must consider 
the grid ( l l ) f for the m.b.c. with b =  aP The value of 
q ■ b is qx =  0.6, which is very favourable for (11),. On 
the other hand, the satellite faces (0001) and (100Ï) 
appear in the equilibrium form when f||a3. For these 
faces, one must consider the grid (01)s for the m.b.c. with 
b =  a3. The value of q • b is qx = 0 .3 , which is very 
favourable for (01)5 (see again Kremers et aL, 1994,
Fig. 5).
In §5.3, it has been predicted that, in the case of a 
modulation wave vector with an incommensurate direc­
tion, the (0001) plane is stabilized more than the (0111) 
plane. The results in Table 1 confirm this prediction. The 
surface free energy of the (0111) plane is, for f||a3, for 
example, 9.64% lower than its value for the non- 
modulated crystal. The surface free energy of the 
(0001) plane is, however, for the same f even 15.89% 
lower than its value for the non-modulated crystal. 
Indeed, (0001) is stabilized more than (0111) because in 
the case of (0001) only (01)5 planes must be considered, 
whereas, for (0111), (11)^  planes are also relevant.
The influence of the direction of f can now be 
summarized as follows. The largest stabilization for 
^(AiMA) can ^  exPecteci I* ‘ is Ingest for the
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Table 2. Surface free energies P  and m.b.c. densities S ' 1 for important faces on the equilibrium morphologies of an
incommensurately modulated simple cubic crystal with only m.b.c.'s along the crystallographic axes
The four colum ns with surface free energies give the results for four different lengths of the modulation amplitude vector parallel to a 2: |f | =  0, 
|f| =  0.5, If I — Í .0 and |f ( =  2.25, respectively. A value o f the surface free energy enclosed by a box indicates that the corresponding face appears
Face r ( f  == 0)
(1000) 0.0080
(0100) 0.0080
(0010) 0.0080
(1012) 0.0107
(2012) 0.0107
(1002) 0.0107
(1200) 0.0107
(1200) 0.0107
(0210) 0.0107
(0210) 0.0107
r ( | f |  = 0 .5 )
0.0079
0.0080
0.0079
0.0106
0.0106
0.0100
0.0107
0.0107
0.0107
0.0107
n v \  = 1.0)
0.0077
0.0080
0.0078
0.0102
0.0104
0.0098
0.0106
0.0106
0.0106
0.0106
r(|f| =  2.25) 0-1ai S ~ ]
c -i
'V,
0.0069 1 0 0
0.0080 0 I 0
0.0072 _ 0 0 1
0.0087 0.45 0 0.89
0.0093 0.89 0 0.45
0.0089 0.32 0 0.95
0.0102 0.45 0.89 0
0.0102 0.45 0.89 0
0.0103 0 0.89 0.45
0.0103 0 0,89 0,45
m.b.c. that is most effective. This effectiveness can be 
increased by both a large m.b.c. density and a favourable 
value of q x =  q • b for the grid (hxb x +  h2b2 +  h3b3, h4)s 
that must be considered for this plane.
6.2. The equilibrium morphology as a function of the 
length of the modulation amplitude vector
In this section, we present calculations on the 
equilibrium morphology of the same simple cubic crystal 
as in §6.1. The modulation wave vector again is 
q =  O.óaí -|~0 .3a3 and the modulation amplitude vector 
f  is parallel to a2. The surface free energies have been 
calculated for three different lengths of the modulation 
amplitude vector: |f| =  0.5, |f| =  1.0 and |f| =  2.25, 
The results are given in Table 2 and the faces that appear 
on the equilibrium morphology are enclosed by a box. In 
addition, the surface free energies for the non-modulated 
crystal are given and also the m.b.c. densities for the 
three m.b.c.’s that are present in the crystal.
It is clear that for all faces the stabilization increases 
with the modulation amplitude, as expected. Moreover, 
the larger the modulation amplitude, the more faces that 
can appear in the equilibrium morphology. This is caused 
by the fact that the dependence on the modulation 
amplitude can be different for_ different faces. For 
example, the satellite face (1012) and the main face 
(0210) have equal surface free energy for |f j =  0. For 
|f I 0, however, the surface free energy is smaller for 
the (1012) face than for the (0210) face.
In order to explain this, we consider the (1 +  1)- 
dimensional embedding of a m.b.c. consisting of one 
type of atom and one type of bond, u(r) =  cos(r) and 
f||b . One can easily derive that the (largest) average 
length of the embedded bonds cut by a (10)s plane is
W  =  lb l+ 4 |f |( l  cos<fr).
On the other hand, the (largest) average length of the 
bonds cut by a (01 )^  plane is
7(01,  =  l*>l +  (2/tfi) |f |(l -  cos <70
and the (largest) average length of the bonds cut by a
(11)^  plane is
h i  )s =  lb l + P /(1  -<7i)]|f|(l cos c¡ j ).
Note that in all cases the average length increases linearly 
with |f| but the value of qx determines which 
proportionality constant is larger. For qx < 0.5, the 
average length is largest for the (01)ç plane, smallest 
for the (11)^  plane and the value for the ( 10)A, plane is in 
between. For q x > 0.5, this order is reversed.
In Table 2 , it can be seen that the dependence of the 
surface free energy on the modulation amplitude is 
stronger for (1000) than for (0010). The reason for this 
difference lies exactly in the fact that for the ( 1000) plane 
a ( 10)v plane must be considered with qx =  0 .6 , whereas 
for the (0010) plane a ( 10)^  plane must be considered 
with qx =  0.3. For qx =  0.6, the average length of the cut 
bonds is larger than for qx =  0.3. Therefore, the (1000) 
plane is stabilized more than the (0010) plane.
The sensitivity of the amount of stabilization for the 
length of the modulation amplitude vector is thus 
determined by (among others) the values of q x =  q • b 
for the (1 +  l)-dimensional embeddings of the m.b.c.1s 
present in the crystal. The influence of the modulation 
amplitude is, therefore, not independent of the modula­
tion wave vector. Which faces appear on the equilibrium 
shape with increasing |f| is thus mainly determined by 
the modulation wave vector q. However, in general, one 
can say that more faces can appear if |f | is larger.
6.3. The equilibrium morphology as a function of the 
length of the modulation wave vector
From §§6.1 and 6 .2, we have learned that the values of 
qx =  q * b for the (1 4- 1 )-dimensional embeddings of the 
m.b.c. *s that are present in the crystal are essential 
parameters for the equilibrium morphology. These values 
depend, of course, on the length of the modulation wave 
vector. Therefore, three additional model calculations 
have been performed for the simple cubic crystal with
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Table 3. Surface free energies for important faces on the equilibrium morphologies of an incommensurately
modulated simple cubic crystal with only m.b.c. s along the crystallographic axes
The four columns with surface free energies give the results for four different lengths of the modulation wave vector. In all cases, the modulation 
amplitude vector is f =  (0, 0.2, 0), A value of the surface free energy enclosed by a box indicates that the corresponding face appears in the 
equilibrium form of the crystal. The modulation wave vector has in all cases an incommensurate direction infinitely close to q =  (2y, 0, y).
Face
(1000)
(0100)
(0010)
(0001)
(1012)
(1001)
( 1002)
(2012)
r (q =  (0.4, 0,0.2)) r(q =  (0.8,0,0.4)) r(q = (0.9, 0, 0.45))
0.0077
0.0080
m m
0.0079
0.0104
0.0077
0.0080
0.0078
0.0104
0.0098 0.0102
0.0098
0.0105
0.0104
0.0108
0.0098
0.0104
0.0105 0.0106
0.0109 0.0110
0.0105 0.0105
f = (0, 0 .2 , 0) and a modulation wave vector q with the 
same incommensurate direction as used in §6.2 but 
having different lengths. The results are summarized in 
Table 3.
It can be observed clearly that those faces appear in the 
equilibrium morphology for which there exist favourable 
qx — q • b values for the {hlb l +  h2b2 +  /z3fr3, hA)s planes 
in the (1 -j- 1 )-dimensional embeddings of the m.b.c.’s.
6.4. The equilibrium morphology as a function of the 
direction of the modulation wave vector
So far, we have only considered modulation wave 
vectors with an incommensurate direction. However, as 
explained in §5.4, one expects that faces perpendicular to 
a modulation wave vector with an incommensurate 
length can be stabilized more by the modulation than 
all other possible faces. Therefore, model calculations 
have been performed for the simple cubic crystal with 
f =  (0, 0.2 , 0) and three different directions for the
modulation wave vector, infinitely close to q =  
(0, 0, 0.3), q =  (0.6, 0,0.3) and q =  (0.1,0.2,0.3). All
these q vectors are taken to have an incommensurate 
length. The faces perpendicular to these q vectors are 
(0010), (2010) and (1230), respectively. The morpholo­
gies are presented in Figs. 13, 14 and 15.
The surface free energies of the faces appearing in Fig. 
14 for the case where q =  0.6a* +  0.3a3 are given in 
Table 4.
These results should be compared with the ones given 
in Table 2 for |f| =  1.0 because, besides the character of 
the modulation wave vector, this is the same crystal. It is 
very clear that, only when q has an incommensurate 
length, is the face (2010) perpendicular to it stabilized so 
much that it appears in the equilibrium morphology.
Furthermore, the direction of q, of course, determines 
the values of qx =  q * b in the (1 +  l)-dimensional 
embeddings of the m.b.c.’s. As we know already, a 
change of these values can change the equilibrium 
morphology considerably. Again, this is demonstrated by 
the differences between Figs. 13, 14 and 15.
(0010)
(0100) 
(Î 000)
(1000) 
(0100)
(0010)
Fig. 13. Equilibrium morphology of an incommensurately modulated 
simple cubic crystal with only m.b.c.’s along the crystallographic 
axes, The modulation wave vector has an incommensurate length 
q =• 0.3aJ. The plane perpendicular to q is (0010). The modulation 
amplitude vector is f =  (0,0.2,0).
Fig. 14. Equilibrium morphology of an incommensurately modulated 
simple cubic crystal with only m.b.c.’s along the cry stall ographic 
axes. The modulation wave vector has an incommensurate length 
q =  0.6af +0.3a3* The plane perpendicular to q is (2010). The 
modulation amplitude vector is f =  (0,0.2,0).
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Table 4. Surface free energies for  the faces on the 
equilibrium morphology of an incommensurately modu­
lated simple cubic crystal with only m.b.c.'s along the
crystallographic axes
The modulation wave vector is q =  0.6aJ +  OJaJ. It has an 
incommensurate length. The modulation amplitude vector is 
f =  (0,0.2, 0). A value of the surface free energy enclosed by a box 
indicates that the corresponding face appears in the equilibrium form of 
the crystal.
Face f (q =  (0.6, 0, 0.3))
(1000) 0.0077
(0100) 0.0080
(0010) 0.0078
(1012) 0.0102
(2010) 0.0102
6.5. The equilibrium morphology as a function of the 
modulation function
In order to study the influence of the modulation 
function u on the equilibrium morphology, it is perhaps 
best to consider Fig. 5 of Kremers et al. (1994). The 
modulation function used for the calculation of that 
figure is u(r) =  cos(r). In this paper, we have often 
refered to this figure because it gives the information 
of the average energy of the bonds cut by an 
(hxb x +  h2b2 H- h3b3, h4)s plane in the (1 +  ^-dimen­
sional embedding of a m.b.c. However, if the modulation 
function is different, the shapes of the curves in this 
figure change.
In Fig. 16, the result is presented of a similar 
calculation, but in this case the modulation function is 
a square wave: u(r) =  ƒ for t  e [0 , £) and u(r) =  —ƒ for 
r e | ,  1). It is very instructive to see that, for example, 
for the plane (11)*, a constant average energy is found for
Fig. 15. Equilibrium morphology of an incommensurately modulated 
simple cubic crystal with only m.b.c.’s along the crystallographic 
axes. The modulation wave vector has an incommensurate length 
q =  0.1a* +  0.2a5 +  O.3&3. The plane perpendicular to q  is (1230), 
The modulation amplitude vector is f =  (0 ,0 .2 ,0 ) .
the cut bonds if qx > 0.5. This is in sharp contrast with 
the case of the modulation function u(r) — cos(r), for 
which a relatively sharp dip can be discovered for 
qx =  0.65. (lì)* planes wilj, of course, often be relevant 
for satellite planes (hxh2h3l) with at least one of the hXi 
h2 or h3 equal to one. Therefore, for a block wave 
modulation, there will be many more m.b.c.’s with 
favourable q x =  q • b values for the (11)5 planes than in 
the case of a sinusoidal modulation. The same kind of 
reasoning applies to the (01)s plane, which is of course 
also often relevant for satellite planes. Furthermore, it is 
very interesting that for the plane (10)s the dip in average 
energy at qx =  0.5 is much sharper for the square-wave 
modulation than for the sinusoidal modulation, (10)s 
planes will, of course, often be relevant for main planes 
(hxh2h30) with at least one of the hx, h2 or h3 equal to 
one. Therefore, in the case of a square-wave modulation, 
there will be fewer m.b.c.’s with favourable qx =  q • b 
values for the (10)^  planes than in the case of a sinusoidal 
modulation.
The influence of the modulation function u can now be 
summarized as follows. If the modulation function 
resembles a square-wave function, one expects satellite 
planes to be stabilized more and main planes to be 
stabilized less as compared with the case when the 
modulation wave resembles a sinusoidal behaviour.
7. Discussion
In this paper, we have presented a broken-bond model 
for the calculation of surface free energies F^ hhhh)  f°r 
(satellite) planes (hih2h3h4) on incommensurately modu­
lated crystals. Owing to the incommensurateness, it is, in 
general, not possible to define a mesh area M^ h hnh h j on 
such planes. In consequence, surface free energies íiave 
been calculated by averaging over infinite planes. One of
1.00
A
Vv max
0.69
(12)
-(23)
"(13)
(01)
(10)
(11)
Fig. 16. Normalized minimal average energies y/ymax of the bonds out 
by (hibl +  h2b2 +  /i,¿>3, h4), planes in a (1 +  l)-dimensional embed­
ding of a m.b.c. consisting of one type of atom. The modulation 
function u has a square-wave behaviour. The modulation amplitude is 
ƒ  =  0.26.
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the key assumptions is, then, that the surface free 
energies r(hxh2hM thus obtained have the same meaning 
for the morphology as surface free energies f°r
non-modulated crystals. With such an assumption, it is 
possible to calculate equilibrium morphologies by using 
these surface free energies r {h{hih^  for a Wulff plot. 
This plot is intended to give a crystal shape that has 
minimal total surface free energy. The assumption can, 
therefore, be expected to be valid if the planes on the 
equilibrium shape are not too small. In our opinion, even 
micrometre-sized crystals already have faces so large that 
the difference between the actual average surface free 
energy and r ^ h ^ )  for the infinite plane is negligible.
By means of a superspace approach, it has been shown 
that both main faces and satellite faces can be stabilized 
owing to the principle of selective cuts, van Smaalen 
(1993) has shown, using a different approach, that this 
can be understood to be a result of ‘surface pinning of the 
phase of the modulation wave’. In order to make an 
estimate of the possible amount of stabilization for an 
actual incommensurately modulated crystal, we consider 
the example of the mineral calaverite AuTe2. The 
modulation amplitude is about 0.4 Á for the Te atoms 
and the averageo length of the crystallographic axes a ls a2 
and a3 is 5.4 A (Schutte & de Boer, 1988). It seems 
reasonable to compare this with the case |f | =  0.5 and 
|a| =  5 for the simple cubic crystal in Table 2. In this 
way, we estimate that the surface free energy for faces 
appearing on AuTe2 is of the order of 1% less than what 
it would be without the influence of the modulation, 
assuming the potential used to be relevant.
It is striking that, as a consequence, in a Wulff plot 
highly singular cusps appear in the polar plot of the 
surface free energies. For (low-index) main faces, there 
still exists a cusp in the Wulff plot, having the same 
shape as for the non-modulated crystal. However, at the 
centre of the cusp, the Wulff plot is discontinuous, 
contrary to the non-modulated case. This centre, being 
exactly one point, is displaced (by the order of 1%) 
towards the origin of the Wulff plot. There are, of course, 
many high-index planes that have face normals pointing 
to a position somewhere in the cusp. However, their 
indices are in general so high that there is virtually no 
stabilization for these planes as a result of the modula­
tion. The shape of the cusp is, therefore, not altered at 
that position.
However, for a satellite face, the shape of the cusp is 
different If the crystal were non-modulated, the polar 
plot of the surface free energy would have a convex 
shape in the direction of the face normal. The only 
change due to the modulation is that again exactly one 
point is displaced towards the origin, so that for a satellite 
face also the Wulff plot is discontinuous. A similar result 
has been obtained by van Smaalen (1993).
These singular cusps for both main and satellite faces 
seem to indicate that a finite amount of energy is 
necessary for any tilt of the surface of a face, however
small. At present, it is unclear to us whether this has any 
physical relevance.
The presented analysis has shown that the surface free 
energy r (h ^ h ,)  depends, for a given crystal, on both the 
orientation of the plane (defined by H(/J A A A )) and the 
position of the plane with respect to the origin. It is 
interesting that, with one exception, for all planes there 
exists a periodicity in the surface free energy. The period 
length is exactly d^lhjh?h4y This can be considered as a 
generalization of the situation for non-modulated crys­
tals, where this period length is d{hxhhy Consequently, 
there is, for non-modulated crystals, within each distance 
^(M2*3)’ a P°sition of minimal surface free energy. It is 
common to assume that the plane takes exactly this 
position when it bounds the crystal. Therefore, the 
minimal surface free energy is used for a Wulff plot. For 
(satellite) planes on incommensurately modulated crys­
tals, the situation can be considered to be no different 
Within each distance ¿(a1a2AjA4)» t i^ere exists a position of 
minimal surface free energy. It can thus be assumed that 
an (hih2h3h4) plane takes this position and that the 
corresponding minimal surface free energy is to be used 
in a Wulff plot. The exception is, of course, the plane 
perpendicular to a modulation wave vector that has an 
incommensurate length. For this plane, there is no 
positional periodicity in the surface free energy. Never­
theless, in the Wulff plot we have again taken the 
minimal surface free energy that could be found for the 
plane. This can be justified by assuming that the phase of 
the modulation wave can be pinned to a surface that 
bounds the crystal. It is well known that, for example, 
defects can pin the phase of the modulation wave. The 
surface of a crystal can be considered to be an intrinsic 
defect.
There is a further interesting aspect of the positional 
periodicity in the surface free energy because for non- 
modulated crystals it is believed that this periodicity is 
one of the main reasons that crystals grow with layers of 
thickness d^ h h h y Although the analysis presented in this 
paper is not meant to explain the growth mechanism of 
(satellite) faces on incommensurately modulated crystals, 
we feel that the positional periodicity in r^k,a2a3a4)> 
together with the fact that all slices (hxh2h3hA) have the 
same energy content, should be considered as a serious 
indication for the possibility of a layer growth mech­
anism. We would like to stress that the growth of satellite 
faces on incommensurately modulated crystals cannot be 
viewed as more extraordinary than the growth of 
main planes. The first experimental indications of a 
layer growth mechanism have been reported by Dam 
(1985), who observed growth spirals on the satellite face
(1012) of a crystal of [(CH3)4N]2ZnCl4, It would be very 
interesting to measure the height of steps on (satellite) 
faces in order to see whether these steps are built of 
layers with thickness d ^ u ^ y  Furthermore, one could 
expect that the face perpendicular to a modulation wave 
vector with an incommensurate length shows exceptional
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growth behaviour because for such a face there does not 
exist a positional periodicity in the surface free energy.
The energy content EH of a slice can be found in the 
following way. One divides every bond in the crystal in 
equal infinitesimal pieces that all have the same 
infinitesimal energy content dE. This is done in such a 
way, of course, that integrating the energies dE over the 
bond gives exactly the bond energy. Eu can then be 
calculated by integrating all those energies dE that 
correspond to the intersection of an ( h ^ h ^ )  plane with 
a bond, for all positions of the plane within the slice. For 
such a calculation, a similar superspace approach can be 
used as for the calculation of surface free energies. This 
energy Eu includes the energy of the bond pieces within 
the slice that are part of the bonds that are intersected by 
the surfaces of the slice. If one omits the contributions of 
these bond pieces to EH, the so-called quantity £ slice is 
found. This quantity is of importance for the crystal 
growth theory of non-modulated crystals (Bennema & 
van der Eerden, 1987). It thus differs from EH. Never­
theless, one can calculate £ slice also for modulated crys­
tals by subtracting the surface free energy F{h^h^) from 
En (and taking the appropriate units and dimensions into 
account, of course). The dependence of EH and E${ict on 
the modulation properties has not been considered in this 
paper. However, it may be of importance for the growth 
of modulated crystals.
It has to be remarked that all calculations presented in 
this paper are essentially for zero temperature. For finite 
temperatures, one is faced with additional problems. It is 
well known that faces on non-modulated crystals have a 
roughening temperature TR. Below TR, the face is flat and 
there is a finite step free energy. However, at TR there is a 
phase transition (of infinite order) at which the step free 
energy becomes zero. The face roughens because steps 
can be created without cost. The face can then no longer 
be uniquely identified. Consequently, one only takes 
those faces into account that have a roughening 
temperature higher than the actual temperature. In the 
case of incommensurately modulated crystals, it is even 
not known yet whether a roughening transition exists, 
although we want to mention the work of Dam (1985) 
who observed the roughening of a 'satellite’ face upon a 
change of the modulation wave vector from one 
commensurate value to another. Nevertheless, from an 
experimental point of view, it is clear that both flat main 
faces and flat satellite faces do show up. This means that, 
if there is a roughening transition, there will be (satellite) 
faces that have a non-zero TR. Moreover, if such a 
roughening transition is related to the step free energy, 
one could use the same lines of thought as presented in 
this paper for the calculation of these step free energies 
by making use of the embedding of the crystal in 
superspace. On the other hand, one can expect that 
( h ^ h ^ )  planes for which there exists a zero step free 
energy are in any case roughened, for the same reasons as 
(hi h2h3) planes are in non-modulated crystals.
It would, therefore, be sensible to check whether there 
are faces for which the step free energy is zero. This can 
be done analogously to the procedure that is commonly 
used for non-modulated crystals (Hartman & Perdok, 
1955). First, the crystal is represented by a graph. The 
vertices of the graph represent the growth units and the 
connections between the vertices represent the bonds. 
However, in the graph there is no information about the 
energies of the bonds. For non-modulated crystals, it is 
then checked whether within an (h{h2h )^ slice of 
thickness d^ h h a connected net can be defined, A 
connected net is a two-dimensional net in which all 
vertices are connected with each other. The edge free 
energy for the face Qi^h^) is expected to be zero in the 
case that it is not possible to find such a connected net. 
The graph of an incommensurately modulated crystal is 
equal to the graph of the same crystal without modulation 
if one assumes that due to the modulation no bonds 
disappear and no extra bonds appear. It follows that one 
can neglect the modulation for checking the connected­
ness of nets. It has been shown that an incommensurately 
modulated crystal can be partitioned in slices (hxh2h3h4) 
with thickness d^ H h h h^  so that all have an equal energy 
content. Therefore, it seems justified to search for 
connected nets in precisely such slices. If there is no 
connected net, the face ( h ^ h ^ )  can be expected to 
have a zero edge free energy. It will then be rough. Such 
an approach has been used by Vogels, Balzuweit, 
Meekes & Bennema (1992).
In this paper, we have studied the influence of the 
length and the direction of both the modulation wave 
vector and the modulation amplitude vector on the 
(equilibrium) morphology. Also, the influence of the 
modulation function has been outlined. The results 
obtained now allow us to obtain a first understanding 
of the differences in morphology of two well known 
incommensurate crystals, [(CH3)4N]2ZnCl4 and AuTe2.
Crystals of [(CH3)4N]2ZnCl4 that have been grown at 
a temperature for which the structure is incommensurate 
almost always show only main faces. Several satellite 
faces can be observed, however, if a sphere growth 
experiment is performed (Dam, 1986; Vogels, Verheijen, 
Meeks Sc Bennema, 1992). In such an experiment, a 
single crystal is polished into a spherical shape, which is 
subsequently exposed to a slightly supersaturated solu­
tion so that it grows for a short time. All stable faces then 
show up as small flat regions on the sphere. On the other 
hand, the sphere roughens up in the regions where no 
stable faces are present. The incommensurate phase of 
[(CH3)4N]2ZnCl4 can be characterized with an ortho- 
rhombic lattice A, ja ,I =  12.258, |a2| =  8.987 and 
|a3| =  15.503 Ä (Madariaga, Zuñigo, Pérez-Mato & 
Tello, 1987). Furthermore, the modulation wave vector 
q ~  0.4a3 can be assumed to have an incommensurate 
length and the modulation amplitude vector with 
maximum length is f  ~  0.047a2 for one of the chlorine 
atoms. For a large temperature region in the incommen-
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surate phase, it is a reasonable assumption to take the 
modulation function as sinusoidal.
Contrary to the case of [(CH3)4N]2ZnCl4, numerous as 
well as large satellite faces can be found on as-grown 
crystals of AuTe2, both for mineral crystals found in 
nature (Dam et aL, 1985) and for synthetically prepared 
crystals (Balzuweit, Meekes & Bennema, 1991). The 
incommensurate structure of AuTe2 can be characterized
with a monoclinic lattice A, ß =  90.038°, la^ =  7.1947, 
|a2| =  4.4146 and |a3| =  5.0703 Á (Schutte & de Boer,
1988). The modulation wave vector q ~  —0.4076a* H-
0.4479a3 can be assumed to have an incommensurate 
direction and the largest modulation amplitude vector 
|fj ~  0.4 A is found for the Te atoms. The modulation 
functions for the different atoms contain first-, second- 
and third-order harmonics,
From these structural data, we can already obtain a 
fairly good understanding of why satellite faces appear 
much more easily on crystals of AuTe2 than on crystals 
of [(CH3)4N]2ZnCl4. The analysis presented in this paper 
has shown that the appearance of satellite faces is 
favoured by a large modulation amplitude, a modulation 
wave vector with an incommensurate direction and a 
modulation function that resembles a square-wave 
behaviour. With respect to all these three aspects, AuTe2 
indeed has a more favourable structure than 
[(CH3)4N]2ZnCl4. The modulation amplitude of AuTe2 
is larger with respect to the lengths of the crystal­
lographic axes than the modulation amplitude of 
[(CH3)4N]2ZnCl4. In addition, the modulation wave 
vector of [(CH3)4N]2ZnCl4 has an incommensurate 
length. Therefore, the {0010} faces perpendicular to it 
may be stabilized so much that they dominate the 
morphology and that, consequently, satellite faces do not 
appear. In the case of AuTe2, the modulation wave vector 
has an incommensurate direction, so that there is no face 
perpendicular to the modulation wave vector that can 
dominate the morphology. Furthermore, the modulation 
functions for the atoms in AuTe2 can be considered to 
be in closer resemblance with a square-wave behaviour 
than the modulation functions for the atoms in 
[(CH3)4N]2ZnCl4. Therefore, the relative stabilization 
of satellite faces with respect to the stabilization of main 
faces is expected to be larger for AuTe2 than for 
[(CH3)4N]2ZnCl4. Note that a discussion along the same 
lines has been given by van Smaalen (1993).
In order to obtain a more complete insight into 
the differences in morphology for AuTe2 and 
[(CH3)4N]2ZnCl4, one should perform calculations as 
described in §6 using reasonable choices of bonds that 
build m.b.c.’s. Such calculations will be presented in a 
forthcoming paper.
Finally, we would like to point out that the superspace 
approach, which has been used here, is not restricted to 
incommensurate displacively modulated three-dimen­
sional crystals. Instead of taking modulated positions 
that define modulated bonds, one can also take only
modulated bond energies and leave the positions 
unaffected by the modulation. The same kind of theory 
applies as outlined in §4 and the same kind of computer 
program is needed to calculate surface free energies 
numerically. Of course, also incommensurately modu­
lated two-dimensional crystals can be dealt with using a 
similar superspace approach.
Another, very interesting, class of crystals is formed 
by the incommensurate composite crystals. These 
crystals can also be embedded in a superspace (Janner 
& Janssen, 1980; van Smaalen, 1992). Here, we will not 
go into detail but they may be considered as a collection 
of incommensurately modulated crystals. So far, little 
attention has been paid to the morphology of these 
crystals. It will be clear that the analysis presented in this 
paper immediately applies to each incommensurately 
modulated crystal from the collection that builds the 
incommensurate composite crystal. Special attention 
must be paid to bonds between atoms belonging to 
different incommensurately modulated structures from 
the collection. However, since incommensurate com­
posite crystals can be embedded, we are confident that 
the superspace approach for the morphology can be 
extended to the case of these crystals.
There is still another class of incommensurate crystals 
that can be described using an embedding in a super- 
space. This class is formed by the so-called quasicrystals. 
The Fibonacci chain of atoms is a famous example of a 
one-dimensional quasicrystal. It has been shown by 
Heijmen et a l  (1994) that the morphology of this chain 
can be dealt with in a superspace approach. In a 
forthcoming paper (Heijmen et a l 1995), it will be 
shown that the same holds for quasiperiodic tilings.
In summary, one can say that the superspace approach 
for morphology is promising for all classes of incom­
mensurate crystals.
8* Concluding rem arks
It has been shown that in an incommensurately 
modulated crystal one can define modulated bond chains 
that are characterized by a bond-chain vector b. By 
means of the (3 -I- l)-dimensional embedding of the 
modulated crystal in superspace, it is found that (1 +  1)- 
dimensional embeddings can be defined for these 
m.b.c.’s. The corresponding value for q x depends on 
the actual modulation wave vector q and on the bond- 
chain vector b, q x =  q • b. The bonds of the m.b.c.’s 
that are intersected by a (satellite) plane (hxh2h^^) 
in the physical crystal can be found by intersecting the 
uniform bond density in superspace with an 
(hxbx +  h2b2 +  h3b3l hA)s grid in the (1 +  l)-dimensional 
embedding of the m.b.c. Moreover, it has been shown 
that these are also exactly the bonds that are intersected 
by a crystallographic hyperplane in superspace. There­
fore, one can state that there is a one-to-one correspon­
dence between crystallographic hyperplanes (hlh2h3h4)s
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and (satellite) planes (hxh2h3h4) in the physical crystal as 
far as the morphology is concerned. This correspondence 
gives the possibility of calculating numerically average 
surface free energies r  {hxh2h2hA) by means of a superspace 
approach for arbitranly complex incommensurately
modulated structures.
In the (1 +  l)-dimensional embeddings of m.b.c.’s, 
one can see immediately that there is a principle of 
selective cutting, A (satellite) plane (hxh2h3h4) in the 
physical crystal intersects only a selection of the infinite 
number of different bonds that exist due to the 
modulation. The (satellite) plane can be positioned such 
that the plane is stabilized with respect to the non- 
modulated crystal. This explains the occurrence of 
satellite planes in incommensurately modulated crystals. 
In principle, planes perpendicular to a modulation wave 
vector with an incommensurate length can be stabilized 
more than satellite planes perpendicular to a modulation 
wave vector with an incommensurate direction. The latter 
can have, however, more stabilization than other satellite 
planes. These, in turn, can be stabilized more than main 
planes non-perpendicular to the modulation wave vector. 
Generally, it can be said that the amount of stabilization 
depends on the length of the mesh area of the one­
dimensional (hxb x +  h2b2 +  h3b3t h4)s plane. Therefore, 
low-index planes can be stabilized more than high-index 
planes in correspondence with the classical case.
Furthermore, it has been found that an incommensur­
ately modulated crystal can be partitioned, for any 
orientation (hxh2h3h4), in slices of thickness 
that have the same energy content and the same surface 
free energy. This can be seen as a generalization of the 
situation in non-modulated crystals. There is one 
exception, which is the case of a plane perpendicular to 
a modulation wave vector that has an incommensurate 
length.
The surface free energies -T(a,a2a3a4) give very singular 
discontinuous cusps in a Wulff plot. The equilibrium 
morphologies that have been constructed by means of 
such a Wulff plot for several incommensurately modu­
lated model crystals can be understood in detail. The 
reason for this is that we have elucidated the influence of 
several structural aspects on the morphology.
A (satellite) plane is stabilized more when the value of 
|f ■ b| is larger for important m.b.c.’s intersecting that 
plane. This is the influence of the direction of the 
modulation amplitude vector. On the other hand, the 
amount of stabilization increases with the length of the 
modulation amplitude vector. Also, the number of 
(satellite) faces that appear on the morphology increases 
with the modulation amplitude. Both the length and the 
direction of the modulation wave vector q determine the 
value of q x =  q • b in the (1 +  l)-dimensional embed­
ding of the m.b.c, with bond-chain vector b. The amount 
of stabilization then depends on this value of qx but 
differs for different Qixbx +  h2b2 +  h3b3ih4\  planes. 
This dependence has already been outlined in a previous
paper for a sinusoidal modulation (Kremers et aL, 1994). 
In this paper, we have discussed the dependence for 
a square-wave modulation. One can state that, if the 
modulation function resembles a square wave, satellite 
faces are stabilized more with respect to main faces as 
compared with the case of a sinusoidal wave.
In view of these structural influences on the mor­
phology, we have given a plausible explanation for the 
appearance of satellite faces on AuTe2 crystals and not
on [(CH3)4N]2ZnCÍ4 crystals.
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Abstract
The maximum-entropy method (MEM) for structure 
determination is applied on the plastically crystalline 
phases of KOH and KOD characterized by delocalized 
H+ or D+ ions in a simple rock salt structure. The 
structure factors measured by neutron diffraction already 
give a consistent picture of the hydrogen distribution by 
conventional Fourier and modelling methods, which 
helps to understand the merit of the MEM. Owing to the 
negative sign of the scattering length of hydrogen, the 
MEM can, in a limited sense ‘model free’, separate off 
the hydrogen density distribution. It is found, however, 
that the MEM cannot be applied naively for these 
compounds and reasons are given why the uniform 
density as a priori information has to be given up in the 
present case. The a priori information procedure to be 
used is discussed. In addition, and perhaps unexpectedly, 
the deuterium density is also obtained.
1. Introduction
The high-temperature phases of the potassium and 
sodium hydroxides have sodium chloride structure and 
are plastic crystals with the H atom moving more or less 
freely in the vicinity of the O atom (Smit, Dachs &
Lechner, 1979; Bleif & Dachs, 1982; Kara, 1982).
* Also at Mineralogisch-Petrographisches Institut, Universität Kiel, 
Germany.
Obvious questions are: does the OH group behave like a 
rigid dumb-bell jumping between favourable orientations 
or is there hydrogen bonding O— H —O or even 
diffusion of protons to make these compounds ionic 
conductors (Erkin, 1990)? Are the answers, linked to 
determining the OH distance, extractable from neutron or 
X-ray diffraction data?
With conventional methods, the structure determina­
tion would be tackled by modelling the anisotropic 
hydrogen distribution and extracting the Debye-Waller 
(DW) factors from the fit. For these plastic crystals, the 
DW factors are very large since the cubic phase is stable 
only in a temperature region around 550 K, Therefore, 
there are relatively few measurable reflections and 
Fourier methods should be reliable, i.e. cut-off effects 
from setting the intensity of unmeasured structure factors 
to zero should be small. The hydrogen distribution, 
however, gives rather small contributions to the structure 
factors and is not easy to separate. The procedure by 
‘different Fourier analysis’ relies heavily on modelling. 
This, together with the lucky circumstance that all phases 
are known (they are all + 1), makes the system an 
interesting candidate to test the maximum-entropy 
method (MEM), recently much propagated as a model- 
free method for crystallographic structure determination 
(see, for example, Sakata, Mori, Kumazawa, Takata & 
Toraya, 1990; Papoular, Prandi & Schiebel, 1992).
It seems one has a chance to find a realistic model-free 
hydrogen distribution using the fact that hydrogen has a
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